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a b s t r a c t
Biological membranes are complex structures whose mechanics are usually described at a mesoscopic
level, such as the Helfrich bending theory. In this article, we present the phase-ﬁeld methods, a useful
tool for studying complex membrane problems which can be applied to very different phenomena. We
start with an overview of the general theory of elasticity, paying special attention to its derivation from
a molecular scale. We then study the particular case of membrane elasticity, explicitly obtaining the
Helfrich bending energy. Within the framework of this theory, we derive a phase-ﬁeld model for biological
membranes and explore its physical basis and interpretation in terms of membrane elasticity. We ﬁnally
explain three examples of applications of these methods to membrane related problems. First, the case
of vesicle pearling and tubulation, when lipidic vesicles are exposed to the presence of hydrophobic
polymers that anchor to the membrane, inducing a shape instability. Finally, we study the behavior of red
blood cells while ﬂowing in narrow microchannels, focusing on the importance of membrane elasticity
to the cell ﬂow capabilities.
© 2014 Elsevier Ireland Ltd. All rights reserved.

1. Introduction
Like many other organelles at the cell scale, membranes are
composite structures that exhibit a bewildering complexity. Their
basic ingredient is a lipid bilayer composed by hundreds of different lipid species. The bilayer also contains a dense population
of transmembrane proteins, which could represent up to 70% of
the total mass of the membrane, and in fact these molecules
deﬁne the functionality of the membrane (Alberts et al., 1994).
Many other proteins are anchored to both sides of the bilayer,
and membrane composition is balanced by lipid reservoirs which
ensure that the physiological properties of the membrane are
maintained. Among others, membranes deﬁne the cell frontiers,
separating the cytosol from the external environment. They also
maintain ion gradients which are necessary to produce ATP, and
host the proteins that control cell signaling. Focusing speciﬁcally
on the structural function, membranes present a delicate interplay with the cortex cytoskeleton, a complex mesh formed by
ﬁlaments of actin preserving cell inner structure and shape, and
provides strength and compactness. This picture represents, however, just a rough description of the membrane composition and
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function, included here to evidence its extreme complexity. The
comprehensive understanding of this fascinating system requires
of different level of approaches. At the molecular scale, the detailed
running of each microstructure can be analyzed thoroughly from
the electrochemical interactions between their molecular components. However, the all-encompassing response of the membrane
elements invites to a more general description, and physical theories such as the elastic formalism of plates and surfaces offer a
formidable tool to characterize biological membranes. At this point,
it is convenient to remark that physicists have focused on the speciﬁc study of the human erythrocyte (Sackmann, 1995). This cell
is unique among the rest of cells of the organism because it lacks
any organelle and inner structure, so that all its physical properties are entirely determined by its membrane, representing a much
simpler structure than normal cells. The membrane of the erythrocyte is composed by a lipid bilayer with and underlaying spectrin
cytoskeleton which anchors to the cytosolic side of the bilayer. This
two-dimensional scaffold has a structural function, preventing the
cell from vesiculation and large deformations.
In order to build a physical theory of the membrane, the complexity of the cell membrane suggests to consider the scales of
interest. Our scope is to study phenomena at the cell scale, such as
cell morphological deformations or mechanical interactions with
the environment. In this context, the atomic description is clearly
unaffordable: the difﬁculty of dealing with such a vast number
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of interactions between atoms, even in simple molecules such as
lipids, discards any treatment at this scale. Coarse-grained descriptions, which represent each lipid by a number of beads (typically
3–10) that encompass a region of the molecule with similar properties (Marrink et al., 2007; Shillcock and Lipowsky, 2006), offer
a path for the study of small sized patches of membranes. The
state-of-the-art numerical methods are able to describe the kinetics
of typically 106 molecules (Marrink and Tieleman, 2013), involving membrane domains of roughly 100 nm × 100 nm, but still far
from the macroscopic cell scale, 10 m × 10 m. It is clear that
coarse-grained methods are, still, not appropriate if one pretends
to study the overall cell response. For this purpose, it is convenient
to invoke mesoscopic theories (Deserno, 2009). By considering the
membrane as locally homogeneous and introducing a continuum
description, each small part of the membrane is characterized by
some certain local properties. These properties must be consistent with the local molecular structure of the membrane, so that a
connection between the micro and mesoscales should be derived.
This Chapter does not intend to describe in detail the basis of
mesoscopic theories in the context of membranes, a subject which
has received extensive attention elsewhere (Safran, 1994), but to
motivate one of the most relevant methods for studying interface
dynamics, the so-called phase ﬁeld method, as an important tool
in the study of membrane elasticity and kinetics. Phase-ﬁeld models for biological membranes are based on the Helfrich description
of membranes (Helfrich, 1973), a modiﬁed formulation of the theory of elasticity. We will start presenting this theory and studying
its application to lipid membranes, in order to gain some intuition
about the physics and elasticity of these structures, and paying special attention to its derivation from the molecular description of
the membrane. The main characteristics of membrane elasticity
are addressed to be subsequently incorporated to the phase-ﬁeld
model. Then, we will explain the basis of the phase-ﬁeld methods and how they can be used to model membranes. Finally, we
will conclude with some examples of current research on biological
membranes that make use of this methodology.
2. The curvature energy
The theoretical study of membranes at the cell scale was ﬁrst
performed by Canham (1970), Helfrich (1973), and Evans (1974).
They concentrated on the identiﬁcation of the relevant elastic properties of the erythrocyte membrane by trying to reproduce its
distinctive discocyte shape. The main assumption of their approach
is that the cell membrane can be described as a two-dimensional
sheet, based on its minute thickness compared to the cell length.
Helfrich proposed that from the three main type of deformations
that a layer can undergo, shear, tilt and bending, only the last does
play a relevant role in the membrane elasticity. Accordingly, he
proposed a curvature energy to describe the elasticity of cell membranes,
Fb =


2





(C − C0 )2 dA + G



GdA +



dA +

pdV,

(1)

where C = (c1 + c2 ) and G = c1 c2 are the total an Gaussian curvatures of the membrane surface given by principal curvatures c1
and c2 ,  and G are the bending rigidity and saddle-splay modulus, C0 is the so-called spontaneous curvature that accounts for
any asymmetry in the membrane internal structure, whereas  and
p generically represent a surface tension and a pressure difference across the membrane. In the Helfrich initial description, these
two components are Lagrange multipliers to ensure that cell area
and volume, respectively, are conserved. The curvature energy (1)
is often expressed in the literature in terms of the mean curvature H = (1/2)(c1 + c2 ), though we follow here the total curvature
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notation. It is remarkable that the integral of the Gaussian curvature over a surface is a topologic invariant, and consequently it
only plays a role in the membrane elasticity in processes comprising topological transformations. For the case of closed membranes,
such as cells, the Gaussian term remains constant and for simplicity
it can be ignored. The minimization of (1) for an ellipsoidal shape
under the appropriate values of area and volume leads to the biconcave discocyte of the RBC as the equilibrium shape. Ensuing studies
investigated the properties and minimal shapes of the Helfrich
energy and the theory has been reﬁned to incorporate additional
mechanisms such as the area-difference elasticity (Sheetz and
Singer, 1974). Subsequently, the elastic contribution of the spectrin
cytoskeleton which attaches to the lipid membrane was incorporated, with the aim of explaining the entire phenomenology of the
human red blood cell (Evans, 1974; Iglic, 1997). The cytoskeleton
provides resistance to in-plane deformations and plays a fundamental role in the cell response under certain deformations (such
as morphological changes during crenation (Lázaro et al., 2013)
or squeezing during optical tweezers experiments, Li et al., 2005),
adding a shear-stretching contribution to the membrane elasticity.
In our phase-ﬁeld model we do not consider the cytoskeleton contribution and it therefore applies to problems in which this network
is absent (such as in membranes of cell organelles, e.g. in the Golgi
apparatus) or if it plays a subdominant role, as occurs during blood
ﬂow Forsyth et al. (2011).
In the last years, the Helfrich model has been incorporated
to different dynamic theories, offering the possibility of studying new and more complicate phenomena. Many of the results
of this theory have proven in good agreement with experiments;
nice examples include the theoretical prediction of shapes of the
stomatocyte–echinocyte transition (Lim et al., 2002), the study of
tubulation when polymers are attached to a lipid vesicle and effectively induce a spontaneous curvature (see Section 4) (Campelo and
Hernández-Machado, 2008), or the experiments of stretching of red
blood cells with optical tweezers (Li et al., 2005). In this section, we
ﬁrst discuss the microscopic basis of the Helfrich theory in order
to show the consistency of the mesoscopic approach. We subsequently present the general theory of elasticity and its main results
and applications to biological membranes.
2.1. Microscopic realization
Any mesoscopic description assumes that one can deﬁne
domains of small size compared to the length scale of the system
size, so that the variables deﬁned at the mesoscale (i.e. at each of
these domains) capture the relevant properties of the microscale.
With the objective of explaining this fundamental assumption, we
present here the simple model proposed by Petrov and Bivas (1984)
which, in spite of being highly non-realistic, is useful to naively
illustrate the connection between both scales. The model assumes
a rough description of the interactions between lipids, and from this
simple basis the Helfrich free energy (1) for a bilayer is derived.
The model assumes a harmonic approximation of the free
energy per molecule,
fm

1
= kH
2



AH
A0H

2
−1

1
+ kT
2



AT
A0T

2
−1

(2)

where AH/T are the areas per molecule of the head/tail, respectively,
and kH/T are the harmonic constants related to the respective interactions between each group. A0 are the preferred areas, related with
the equilibrium intermolecular distance in the relaxed monolayer.
Still, the effective constants kH/T should be related with the speciﬁc
bonds between molecules, but this is difﬁcult to address at this
simple level of description. If one deﬁnes the neutral surface as the
point of the lipid where the forces are balanced, and we call A the
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lipid section at this point, the head and tail areas can be expanded
in terms of the curvature at this neutral point as
AH/T = A[1 + ıH/T C + ı2H/T G].

(3)

where ıH/T are the respective distances to the neutral surface. In
the case of a ﬂat interface (C = G = 0), when the areas per lipid at
the head, tail and neutral points coincide, the energy per molecule
reduces to
fm =



2

1
A
Km
−1
2
A0

(4)

where Km = kH /A0H + kT /A0T is the stretching modulus per molecule.
On the contrary, for a positively curved membrane, the head and
tail areas are expanded and contracted, respectively, with respect
to the neutral one. Thus, introducing (3) in (2), and considering all
the molecules contained in the membrane, the energy of the deformation leads to the Helfrich energy (1), with the elastic parameters
m = ı2 Km

H

(

H

Gm = (A0H − A0T )(
Gm

C0m =

m

where

T

+

T)
H

2

−

= ıH ıT Km ,
T)

H

(

H

+

T
T)

2

,

(5)

1
.
ıH − ıT

H/T



= kH/T /A0H/T , and the superscript m indicates that it

G = 2(Gm − m C0m N ),

c0 = 0.

(6)

where N is the distance between neutral surfaces. In spite of the
enormous simpliﬁcations considered in this model, it shows how
the Helfrich energy can be derived from a simple harmonic description of the lipid–lipid interactions.

u˛ˇ



 

2

2

+ K(u )2 dV,

(9)

 

u2˛ˇ +



1−2

u2 dV,

(10)

= (3K − 2)/2(3K + ).

2.3. The bending mode
Cell membranes have a typical thickness of 4 nm, whereas the
overall cell length is usually 5–10 m. In order to comprehensively
understand the elasticity of membranes, we explore here the elastic
properties of plane objects of small thickness compared to their
surface. Thus, we represent the membrane as a generic object, such
as a plate, subjected to a pure bending deformation. After averaging
the elastic parameters over the plate section and adopt the twodimensional description, the Helfrich free energy is recovered.
The stress tensor is given by the variations of the elastic energy
with respect to the deformation,
˛ˇ (x)

=

∂Fel
.
∂u˛ˇ (x)

(11)

The speciﬁc dependence on the strain tensor (11) reads



= K(u ı˛ˇ ) + 2 u˛ˇ −

plate

F˛

=



1
u ı˛ˇ .
3

(12)

.

(7)



(u )2 + (u˛ˇ u˛ˇ ) dV,

(8)

∂ ˛ˇ
.
∂xˇ

(13)

The deformation of the object may respond to the action of an
external forcing, F˛ext , on the object surface. This force is balanced
by the internal stresses of the plate,



F˛ext =

∂ ˛ˇ
dV =
∂xˇ

˛ˇ nˇ dA

(14)

Hence, the equation of force balance on the object surface, where
the external forces apply, reads
˛ˇ nˇ

The energy of an elastic object subjected to a certain deformation, given by the tensor u˛ˇ , reads
Fel =

1
ı u
3 ˛ˇ

And the force exerted by the object can be derived from

Membranes are elastic structures whose mechanical properties are usually described by the general theory of elasticity. The
Helfrich free energy (1) with zero spontaneous curvature can be
derived from this theory under certain assumptions. Although the
strict derivation is cumbersome, a simpliﬁed approach is outlined
here to facilitate the interpretation of the deformations and elastic
modulus of the membrane in terms of its molecular structure.
The deformation of any object is described by the deformation
 − x , where x are the coordinates in the relaxed
vector u˛ = x˛
˛
˛
 represent the coordinates under deformation. For simstate and x˛
plicity we shall assume an isotropic, homogeneous material. The
strain tensor is deﬁned as

∂u˛ ∂uˇ
+
∂x˛
∂xˇ

E
2(1 + )

Fel =

2.2. Theory of elasticity



 u˛ˇ −

where  is renamed as shear modulus and K =  + (2/3) is the bulk
(or compression) modulus. Within the frame of membranes, often
the elasticity is described in terms of two new modulii, the Young
modulus E and the Poisson ratio , and the expression for the elastic
energy now reads

˛ˇ

1
=
2



Fel =

where E = 9K/(3K + ) and

refers to one of the monolayers. Some properties of the elastic parameters can be inferred from these expressions. First, the
bending parameter is always positive, as opposed to the Gaussian
modulus which depends on the speciﬁc properties of the lipid. Analogously, the sign of the spontaneous curvature depends on the
relative position of the neutral surface with respect to the head
and chain. Thus far we have just considered a monoloyer. For a
bilayer, the elastic parameters depend on whether the monolayers
are connected or not. For simplicity, we suppose that there is no
interaction and then
 = 2m ,

where  and  are material parameters known as Lamé coefﬁcients.
Fel actually represents an excess energy with respect to the undeformed state. The interpretation of the diagonal terms of the
deformation tensor u˛ˇ is simple. Considering a stretching deformation x = x (see Fig. 1A), a simple calculation shows that the
non-diagonal terms of the strain tensor are zero, leading to an
2
energy of deformation Fel = (/2 + )[ − 1] V , where V is the
volume of the underformed object. Conversely, for the shear deformation of Fig. 1B, given by x = x + ˛y and y = y + ˇx, the diagonal
terms of the strain tensor vanish. Given that any planar deformation can be decomposed into a pure stretching and a pure shear, we
rewrite the elastic energy,

= F˛ext ,

(15)

where n is the normal vector to the object surface. Let us consider
a ﬂat plate of thickness h. Consider now the bending deformation
shown in Fig. 1C, with no in-plane deformation ux = uy = 0 but outof-plane displacement uz = (x, y) in the Monge representation (do
Carmo, 1976). We suppose that, given that the plate is very thin,
the external forces required to bend it are small compared to the
internal tensions across the membrane, so that Fext are neglected in
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Fig. 1. Scheme of the main deformations. Bold lines represent the underformed state and dashed lines the deformation. (A) Stretching, when the object increases its area;
(B) shear, when the object deforms without a change on its area; and (C) bending, which represents a normal displacement to the surface.

(15). Note that this hypothesis is a priori not obvious, but still let us
assume its validity under certain conditions (Landau and Lifshitz,
1999). For a strictly ﬂat plate, nz = 1 and therefore xz = yz = zz = 0.
If the plate is only slightly bent, these components are strictly nonzero but remain small compared to the rest of components of ˛ˇ ,
so we can equate them to zero and use the resulting equations to
solve the strain tensor components. For this deformation, all the
terms of the strain tensor can be calculated explicitly:
2

uxx = −z ∂x ,
uyy =

2
−z ∂y

,
2

2

(16)

2

uxy = uyx = −z ∂xy ,
uxz = uzx = 0,
uyz = uzy = 0.
By introducing these expressions in (8), the elastic energy of the
bent plate is

E
z
1+

1
2(1 − )

2

Fel,b =


+

2

∂
∂x∂y

2



2

−

2

2

2

∂
∂
+
∂ x 2 ∂ y2
dV.

(17)

Integrating across the plate thickness, from −h/2 to h/2, in the
z-direction,

Fel,b

h3 E
=
24(1 −





2)


+2(1 − )

2

2

2

2

2

2

∂
∂
+
∂ x 2 ∂ y2

∂
∂x∂y

2

∂ ∂
−
∂ x 2 ∂ y2


dS.

(18)

Some considerations are required to readily identify the dependent terms in (18). In the Monge parametrization, the normal
vector to the surface can be obtained from n̂ = ∇ /|∇ |. The total
and Gaussian curvatures are deﬁned in terms of the normal vec2
tor as C = −∇ · n̂ and G = 1/2[(∇ s · n̂) − ∇ s · n̂ : ∇ s · n̂], respectively.
Hence, straightforward calculations lead to (do Carmo, 1976)
2

2

2

2

2

C = −[(1 + (∂x ) )∂y + (1 + (∂y ) )∂x ] − 2(∂x )(∂y )(∂xy )
2

2

≈ −[∂x + ∂y ],

(19)

2

2
2

2
2 2

2 2

2

2

2

≈ (∂x )(∂y ) − (∂xy ) ,

(20)

for the total (19) and Gaussian (20) curvatures. We have assumed
that the out-of-plane displacement is small relative to the length
scale of the plate, so that the gradients are small ∂˛  1. By direct
comparison of (18) with expressions (19) and (20), the elastic
energy for the bending deformation can be rewritten as

 


2



C 2 + G G dS,

(21)

where we have introduced the bending rigidity  = Eh3 /12(1 − 2 )
and the saddle-splay modulus G = − (1 − ). This derivation
applies generically for objects such as plates or, in the present context, monolayers. However, a bilayer consists of two monolayers
which glide each other, so that the bending rigidity of the bilayer,
bil , arises as the sum of the rigidities of the monolayers, m . Considering monolayers of thickness h = d/2, the bilayer bending modulus
is given by (Deserno, 2014)
bil = 1m + 2m =

2



∂ ∂
∂ x 2 ∂ y2

2

(1 + ((∂x ) ) + ((∂y ) ) )

Fel,b =

uzz = −( /(1 − ))z(∂x + ∂y ),



2

(∂x )(∂y ) − (∂xy )

G=

d3 E
48(1 −

2)

=

KA
,
24(1 + )

(22)

where we have introduced the area-compression modulus
KA = Ed/2(1 + ), which represents the energetic cost of expanding/compressing the area of the plate, and it is related with the
volumetric bulk modulus K. Hence, assuming a symmetric plate
(C0 = 0) and considering a pure bending deformation, the general
elastic energy (8) reduces to the bending contribution (21). The
particular elastic modulii used to describe cell mechanics depend
on the cell species. In the frame of RBC elasticity, it is usual to
characterize the membrane mechanics with the bending and shear
modulii. On the contrary, in cells with an inner structure (such as
leucocytes or epithelial cells), especially in the framework of atomic
force microscope experiments, most studies focus on the Young
modulus (Kuznetsova et al., 2007). We hereafter concentrate on the
elastic description based on the bending modulus, which is widely
extended in the membrane mechanics ﬁeld.
The RBC membrane bending rigidity has been measured
by different experimental techniques, for instance ﬂicker spectroscopy and phase contrast microscopy, analyzing the membrane
amplitude oscillations due to thermal ﬂuctuations, or disturbing
techniques such as micropipette aspiration and by optical tweezers
(see Seifert and Lipowsky (1995), and references therein). Typical
values fall between 10 and 50kB T with slight deviations depending
on the speciﬁc technique. The area-compression modulus of ﬂat
bilayers has been measured for different lipid species, with typical values of 100–250 mJ/m2 (Evans and Needham, 1987; Rawicz
et al., 2000). Taking into account these values for the bending rigidity and area-compression modulus, it can be shown that bilayers
present a high incompressibility. Considering the stretching energy
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Fst = (1/2)KA (A − A0 )2 /A0 , where A0 is the membrane area in the
relaxed state, variations in the membrane area are given by Seifert
and Lipowsky (1995)
A − A0
1
=
A0
KA



∂Fst
∂A



.

(23)

Thus, substituting the stretching energy by the bending energy
(21), the variations in area induced by bending deformations are
found to be disregardable, /KA R2 ∼ 3 ×10−8 , for the given values
 = 2.0 × 10−19 J, KA = 10−1 J/m2 and cell radius R = 8 ×10−6 m. This
huge energetic penalty imposed to the expansion of area implies
that any membrane deformation driven by bending is required to
effectively maintain a constant area. For practical purposes, it is
usual to remove the elastic contribution of the area-compression
and strictly impose the constraint of constant area, for instance by
introducing a Lagrange multiplier, as proposed by Canham and Helfrich and shown in (1). The molecular basis of this phenomenon is
found in the strong hydrophobicity of the lipid tails. An expansion
of the membrane area implies that the area per molecule increases
from its relaxed state and the lipid tails are therefore exposed to the
water molecules. To avoid this situation, the attractive interaction
between molecules enforces the bilayer incompressibility. Due to
the ﬂuidic nature of the bilayer, the shear modulus is, by deﬁnition,
zero. Finally, it must be considered that cells contain speciﬁc regulatory systems to maintain their enclosed volume constant, based on
ion gradients which control the osmotic pressure (Helfrich, 1973).
Accordingly, another Lagrange multiplier, accounting for this volume conservation, is incorporated to the elastic membrane energy.
The addition of the bilayer incompressibility and constant enclosed
volume to the bending contributions of (21) allow to recover the
complete Helfrich free energy (1).

phase-ﬁeld models. The membrane is identiﬁed from an auxiliary
scalar ﬁeld deﬁned in the entire space, and the method details
the dynamics of the ﬁeld, rather than speciﬁcally dealing with the
membrane position. This formulation also avoids the problematic
of deﬁning the boundary conditions at the membrane surface.
The application of phase-ﬁeld methods to amphiphilic systems
was extensively investigated in the past (Gompper and Schick,
1994), although it has not been until recently that these models have been used in the study of cell morphology and dynamic
response. One of the main advantages of the phase-ﬁeld model is
that the evolution and shape of the membrane does not need to
be tracked, as in the explicit methods, but it spontaneously evolves
with the phase ﬁeld dynamics. Phase-ﬁeld methods also invite to a
deep analytical exploration as they have a robust physical basis.
3.1. Ginzburg–Landau free energy
Phase ﬁeld models have been applied in the study of a wide different phenomena of phase transitions and interfacial problems,
such as superconductivity and solidiﬁcation (Steinbach, 2009). The
origins of phase-ﬁeld models are found in the mean-ﬁeld approach
to phase transitions. The Landau theory consists in a free energy
which is expanded in powers of a scalar ﬁeld, called order parameter , which receives different interpretations depending on the
system, as we will see below, but, for instance, in a ferromagnetic
system it is readily identiﬁed as the magnetization. The symmetries
of the system specify the value of the coefﬁcients of the expansion.
However, this model does not account for the presence of interfaces
which could have an energetic cost associated with the interaction
between the components of each phase. Ginzburg and Landau generalized this expression in their studies about superconductors and
they incorporate to the free energy of the system, F[ ], powers of
the gradients of the order parameter,

3. Phase-ﬁeld models
The Helfrich theory provides a basis for the elastic characterization of cell membranes. Still, a geometric description is
needed to deal with the membrane morphology. Minimal shapes
of model vesicles can be found by different analytic parameterizations (Deuling and Helfrich, 1977; Seifert et al., 1991), but the
study of more complex problems, including any kind of dynamic
phenomena, usually requires of a more ﬂexible framework. Given
that the representation of the membrane as a two-dimensional
layer is reasonably accurate, the simplest and most direct formulation consists in deﬁning a mesh of points which represents the
membrane neutral surface, and from here extract the local mean
curvature or deformation tensor necessary to compute the elastic
energy. This must be combined with a minimization procedure
(such as a Monte Carlo free minimization, Lim et al., 2002) to obtain
equilibrium shapes, or introducing the elastic mesh in a dynamic
theory if one is interested in membrane kinetics. Most important
examples include the immersed boundary methods (Peskin, 2002;
Kaoui et al., 2012), integral boundary methods (Pozrikidis, 1992,
1995) or multiparticle collision dynamics (Malevanets and Kapral,
1999; McWhirter et al., 2008). Methods in this direction have been
successfully applied to the study of many membrane related topics
(Li et al., 2005; Peng et al., 2013). However, these methods require
a explicit tracking of the membrane position and the calculation of
the deformation variables, i.e. the curvature. This can potentially
cause problems related to the need of a good resolution in the mesh
grid. For instance, the curvature calculation in a discrete tessellation is an old problem in discrete differential geometry (Gatzke and
Grimm, 2006). Even the most accurate techniques fail to achieve
a good deﬁnition, and the problem must be generally simpliﬁed
to avoid large numerical calculations. A different approach, based
on an Eulerian rather than a Lagrangian description, are the


F[ ] =
=

L( , ∇ , ∇ 2 )dV

 

2

f ( ) + g( )(∇ ) + c(∇ 2 )

2


dV.

(24)

where L is the energy density, f( ) is the bulk potential so that
in equilibrium f ( eq ) = 0 and eq are the stable bulk phases, and
g( ) and c represent the energetic cost of having an interface (we
will go in deep on this below). Typically, f( ) is chosen to form a
double-well potential, so that two phases are present. The interface
is characterized by a smooth proﬁle characterized by a width ,
and it is usual to ﬁx the interface position at the isosurface = 0.
The method does not necessarily need that operates on the same
scale of the width of the real interface, which in some systems can
be the atomic scale, but it is sufﬁciently to require that (i) is much
smaller than any other length of the system and (ii) the interface
incorporates the relevant information from the microscale trough
the effective constants of the model.
The construction of a Ginzburg–Landau free energy often
responds to a purely phenomenological basis and it generally
attends to the symmetries of the system. The order parameter
is related to a characteristic physical property depending on the
speciﬁc system; in the particular case of a membrane, it can be associated with the concentration of lipids, (x) = 1 ∓ lip (x)/0 , where
0 is the lipid density of maximum packing and the ∓ refers to the
inner or outer regions of the membrane. Since lipids are indissoluble in water, lip = 0 in the ﬂuid bulk that surrounds the membrane,
and therefore = ±1 in these outer and inner regions, whereas it
achieves the value lip = 0 in the membrane, giving rise to = 0. It
is noteworthy that is deﬁned in a spatial scale sufﬁciently large
to have a statistically good average of the molecular densities, but
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yet small enough to capture the mesoscopic spatial variations of
the density.

Introducing expressions (28) in (29), and after several straightforward integrations of those terms containing second and third
gradients of ıx˛ , one ﬁnds



3.2. Thermodynamics of phase-ﬁeld models
In thermodynamics, the chemical potential of a species in a
mixture is deﬁned as the free energy change for deviations in the
concentration from the reference value. Analogously, within the
phase-ﬁeld framework the chemical potential is obtained from the
free energy (24),
[ ] =

ıF = −

˛ˇ ıx˛ dV

=

˛ˇ ∇ ˇ ıx˛ dV.

(26)

In the phase-ﬁeld framework, we need to specify the variations in the order parameter due to the deformation ıx. Assuming
that these small variations only correspond to convective ﬂuxes
(Brannick et al., 2014),

∂t + ∇ · ( v) = 0,

(27)

and writing v˛ = ıx˛ /ıt, we obtain the variation of the order parameter and, after differentiation, its derivatives
ı = − ∇ ˛ ıx˛ − ∇ ˛ ıx˛ .
ı∇ ˇ

= −∇ ˇ ∇ ˛ ıx˛ − ∇ ˇ ∇ ˛ ıx˛ − ∇ ˇ ∇ ˛ ıx˛

−∇ ˛ ∇ ˇ ıx˛ .
ı∇ 2

(28)

= −∇ 2 ∇ ˛ ıx˛ − 2∇ ˇ ∇ ˇ ∇ ˛ ıx˛ − ∇ ˛ ∇ 2 ıx˛

From these expressions we express the change induced in the
order parameter when the interface is perturbed with the general
deformation ıx˛ . The work necessary to induce such a deformation
of an interface with free energy (24) reads

 

ıF =

ıLdV =

∂L
∂L
∂L
ı +
ı∇ ˇ +
ı∇ 2
∂
∂∇ ˇ
∂∇ 2



ıx˛ dV

∇ ˛ ıx˛ dV

∂L
∂L
∂L
∇˛ +
∇˛∇ˇ − ∇ˇ
∇˛
2
∂∇ ˇ
∂∇
∂∇ 2
(30)

In the ﬁrst term of the right hand side of (30) the gradient

∇ ˛ L can be recognized. Analogously, the second term contains the
expression of the functional derivative of L, given by (25). Hence,
after integrating by parts the ﬁrst term, and comparing with (26),
the stress tensor is identiﬁed,


˛ˇ

=

L−
−

ıL
ı


ı˛ˇ −

∂L
∂L
∇˛ + ∇ˇ
∇˛
∂(∇ ˇ )
∂(∇ 2 )

∂L
∇˛∇ˇ .
∂(∇ 2 )

(31)

From (31), it can be shown that the divergence of the stress
tensor reduces to

∇ˇ

˛ˇ

= − ∇ ˛ ,

(32)

which provides an expression for the local force density of the interface in terms of the chemical potential. The expressions obtained
so far are valid for any free energy of the form (24), so that the
elastic properties of the interface are solely determined by this free
energy.
The dependence of the force density on the chemical potential
can be understood from a thermodynamic perspective, taking into
account that the stress represents the internal reaction to an external pressure (strictly speaking, the pressure and stress tensor are
related by P˛ˇ = − ˛ˇ ). Hence, Eq. (32) may be related with the
Gibbs–Duhem equation, which reads
VdP =



Ni di

(33)

i

where Ni is the amount of matter of the species i and taking into
account that ∼ N/V, leads to dP = d. The force density arises as
the free energy change per unit volume, ı, due to the transport
of matter concentration for a change in the chemical potential
ı.
3.3. Elastic properties of phase-ﬁeld interfaces

−∇ ˛ ∇ 2 ıx˛ − 2∇ ˇ ∇ ˛ ∇ ˇ ıx˛ − ∇ ˛ ∇ 2 ıx˛ .



∂L
∂L
∂L
− ∇ˇ
+ ∇2
∂
∂(∇ ˇ )
∂(∇ 2 )

×∇ ˇ ıx˛ dV.


∇ˇ


−

(25)

In equilibrium, the chemical potential is constant and in addition to the boundary conditions in the bulk phase (x → ± ∞) = ±1,
this equation can be solved obtaining the equilibrium proﬁle of the
interface. Typically, the relaxed proﬁle is a smooth tanh-like function with interface width . As we will see later on, the chemical
potential is a relevant variable as it governs the diffusion of the
order parameter (Section 3.6). In the presence of a non-uniform
phase ﬁeld, there is a thermodynamic local force at each point
(e.g. this force can be naively understood in the case in which
is a concentration, and then gradients of concentration force diffusive ﬂuxes toward a uniform concentration). Given that in the bulk
 = const ., the force density is localized at the interface. Although
this elastic force can be derived by different procedures, here we
follow up the elastic description of Section 2.2.
The stress tensor is an important magnitude to characterize the
deformation of membranes, though it is not obvious how to compute this tensor from a phase-ﬁeld free energy of the form (24). The
work required to deform an object by a small displacement ıx˛ is
given by (Landau and Lifshitz, 1999)



∂L
∂L
∂L
∇˛ +
∇˛∇ˇ +
∇˛∇2
∂
∂(∇ ˇ )
∂(∇ 2 )

ıF = −

−

ıF
∂L
∂L
∂L
.
=
− ∇ˇ
+ ∇2
ı
∂
∂(∇ ˇ )
∂(∇ 2 )
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dV.
(29)

In the Helfrich theory, the physical meaning of each elastic modulii is clear, as each modulus is explicitly associated to the elastic
deformation that penalizes (i.e. in (24), the surface tension represents the energetic cost of having an interface of surface dA, and the
bending modulus corresponds to the cost of an interfacial bending
given by the curvature C). In the phase-ﬁeld representation of the
interface free energy, however, the information about the geometrical properties of the interface deformation is implicitly contained
in the gradients of the order parameter, and the elastic properties
of the interface cannot be directly identiﬁed. It is therefore necessary to establish a connection between the phase-ﬁeld coefﬁcients,
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g and c, of the phase-ﬁeld free energy (24), and the interface elastic
parameters expressed in the Helfrich energy (1). The comparison
between both free energies for simple geometries, such as spheres
or cylinders, is a useful method for obtaining a mapping between
the Helfrich and phase-ﬁeld representations. In this Section, we
derive the expressions of the elastic coefﬁcients of (1) from the
parameters of the free energy (24), as ﬁrst proposed by Gompper
and Zschocke (1991), and Gompper and Zsckocke (1992). Thereby,
the method allows to specify the elastic properties of the phaseﬁeld free energy and conciliate this expression with the classic
elastic description.
Let us suppose a generic interface with free energy (1), with
contributions of surface tension and bending, but disregard the
pressure difference term assuming that the interfacial surface is
open. Note that this free energy can be locally understood as an
expansion in terms of the radius of curvature 1/R, since C ∼ 1/R
and G ∼ 1/R2 . Hence, the surface tension is associated to the zeroth
order, 1/R0 ; the spontaneous curvature corresponds to the ﬁrst
order of the expansion, 1/R1 ; and the bending and saddle splay
modulii are associated with the second order, 1/R2 . The elastic
energy per area (1) for a sphere of radius R is given by
(s)
Fe

A

=



+


 2
2

c0

−

By introducing this expression in (37), and using this to remove
f( R ) from (38), to leading order the free energy for spheres and
membranes now reads,
F(c,s) [ ]
=
A

(35)

The inclusion of the cylinder is important to identify the bending modulus, which appears coupled to the saddle-splay modulus
in the spherical geometry. The equilibrium condition for the free
energy (24) determines the relaxed planar interface proﬁle 0 (z) in
the normal direction z,
2

4

0 ) + 2c ∂z

0

= 0,

where g = ∂g/∂ and f = ∂f/∂ . Multipliying by ∂z
ing
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1 2
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2



(36)

= const.

(37)

Note that, formally, (36) is the stationary condition of the
Euler–Lagrange equation and then (37) is its ﬁrst integral. For the
speciﬁc geometry of spheres and cylinders, the free energy (24)
reads
1
F(c,s) [ ]
=
d+1
A
R
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drr d f (
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(38)

where d = 1 and 2 for cylinders and spheres, respectively, and R
is the phase-ﬁeld proﬁle for these two conﬁgurations. If the radius
R is large, the phase-ﬁeld proﬁle R can be expressed in terms of
the relaxed planar solution, 0 (z), by identifying the position of
the interface at z = r − R. This approximation, known as locally ﬂat
interface, allows to expand the proﬁle in powers of 1/R,
R (r

− R) =

0 (r

− R) +

− R)
+ ···
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0

The expansion of this expression in powers of 1/R leads to
F(c,s) [ ]
=
A
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Comparing this expression with the free energy of cylinders (35)
and spheres (34), and identifying the coefﬁcients of the corresponding terms of the expansion, one obtains
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For simplicity, the ﬁrst term is rewritten  =  + c02 /2. For a
cylinder, the Gaussian curvature vanishes and then the free energy
reduces to

ıF[ ]
= f  − 2g(
ı

∞



0)

2

dz,

+∞

z 2 s(z)dz,

G + 2 =
−∞

where we have recovered the planar proﬁle notation as a function
of the normal coordinate z and we have introduced the function
s(z) = 2g(

0 )(∂z

0)

2

2

+ 4c(∂z

0)

2

.

(43)

The physical meaning of this expression is found within the
elasticity theory framework. Helfrich (1981) established that the
surface tension, spontaneous curvature and Gaussian bending
modulus can be obtained as the zero-th, ﬁrst and second moments
of the lateral stress proﬁle across the membrane, respectively.
Thereby, the functional form of (42) suggests to interpret s(z) as
the stress proﬁle, though it is remarkable that in the expression for
the second moment, G and  are coupled, a feature not captured
in the Helfrich theory.
The particular microstructure and chemical composition of the
interface dictate the interactions and internal tensions of the interface, ultimately determining its elastic behavior. For instance, in
the case of two immiscible ﬂuids, such as the water–oil coexistence, the unique contribution to the free energy corresponds to
the surface tension, associated solely to the cost of having a surface in which both species of molecules interact. The beneﬁt of
homotypic interactions when a molecule is surrounded by others
of the same species is lost in the interface, where the van de Waals
interactions between oil and water molecules are weaker. Accordingly, the system tries to minimize this contact surface, but the
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bending of the surface does not have any energetic cost. Other systems, such as monolayers formed by amphiphilics, present a more
complicated interface internal physics, reﬂected in an extremely
rich phenomenology. In the presence of water and oil, amphiphiles
form several different structures ranging from micelles to lamellar (plane) arrays of amphiphiles separating regions of each ﬂuid
(Gompper and Schick, 1994). The principles driving this kind of
organization respond to the polar nature of the amphiphile, with
a hydrophilic head, which prefers to interact with water, and the
hydrophobic tail, which prefers the oil. The system evolves to minimize the contact between the hydrophobic tail and water. In these
systems, the lateral tensions between the amphiphiles induce a
more complex elastic behavior, and all the terms in (1) contribute
to the interface elasticity. Still, in the low curvature regime (when
the interface thickness is much smaller than the typical radius of
curvature, /R  1; this regime applies to most systems, since is of
the order of the lipid length), the dynamics of the interface is generally dominated by the surface tension term, since it corresponds
to the leading term of (1).
Lipid bilayers present an even more complex internal structure
than monolayers, and are known to induce a strong reduction in
the surface tension of the interface, sometimes of up to 5 orders of
magnitude (Gompper and Schick, 1994), as a result of the internal balance of the lateral stresses between lipids. Accordingly,
the dynamics of the membrane is driven by bending (the subsequent non-vanishing term in the curvature expansion (1), assuming
membrane symmetry). Since the scope of this article is the modeling of biological lipid membranes, hereafter we focus on tensionless
interfaces. It is noteworthy that the elimination of the surface tension contribution in phase-ﬁeld models is highly non-trivial, as it
requires of a subtle balance of the lateral tensions of the interface.
3.4. Cell membrane model
The theory presented thus far offers the necessary ingredients
to build a model for cell membranes. The simplest approach to
describe the cell is to follow the Ginzburg–Landau spirit, considering two domains, the inner ﬂuid (e.g. cytosol) and the outer aqueus
environment (e.g. plasma), and associate each medium to one of
the equilibrium phases of the order parameter. The coefﬁcients
associated to the order parameter gradients determine the elastic properties of the interface, and hence they must be chosen to
capture the two main characteristics of membranes: resistance to
bend and vanishing surface tension. The ﬁrst condition is achieved
by c > 0, given that a second derivative is necessary to introduce
a bending contribution. The second condition requires a negative
constant value of g, or alternatively an inhomogeneous function
g = g( ). However, the choice of the free energy coefﬁcients to
obtain a vanishing surface tension is delicate. The coefﬁcients determine the equilibrium proﬁle of the order parameter, and in general
its solution requires of numerical integrations. The proﬁle enters
in the elastic parameters calculation, (42). Thus, the elastic properties depend on the coefﬁcients via the equilibrium proﬁle which
in turn can be very sensitive to the values of the coefﬁcients. A
priori, there is not a unique solution for g and c that produces the
prescribed elastic properties of the membrane.
We consider the particular case fb ( ) = 2 − 2 4 + 6 ,
gb ( ) = 2 2 (3 2 − 1), and cb = 4 , which is of particular interest because its equilibrium equation has analytical solution and
therefore it allows a more ﬁne control of the interfacial behavior.
The interface free energy reads (Du et al., 2004; Campelo and
Hernández-Machado, 2006)
Fb [ ] =
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where the subscript b indicates that this model corresponds to a
bending free energy. The free energy can be rewritten as
Fb [ ] =

∗
2



2

( [ ]) dV,

(45)

where we have introduced the functional = − + 3 − 2 ∇ 2 .
From this expression the chemical potential as deﬁned in (25) reads
b = ıFb [ ]/ı = ∗ [(3

2

− 1)

−

2

∇ 2 ].

(46)

The relaxed proﬁle is obtained by solving the equilibrium condition, b = 0. Although this equation does not have a unique solution,
the trivial one = 0 represents the minimal energy solution, given
that the bending energy is always positive. Other potential solutions may arise as metastable solutions. This equilibrium proﬁle of
the model
√ (44), = 0, can be analytically integrated, leading to 0 =
tanh(z/ 2 ), connecting the bulk phase -1 with the phase +1. If this
expression is introduced in (42) with the energy coefﬁcients√from
(44), the resulting elastic parameters are  = c0 = 0,  = (2 3 /3 2)∗
and G = 0, consistent with a symmetric membrane. Hence, the
model describes the cell as two ﬂuid domains separated by an
interface with the elastic properties characteristic of membranes.
From the bending free energy (44) we can study the interface
properties that determine its elastic response. The stress tensor is
computed from (31), obtaining
b
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(47)

In Fig. 3C, the lateral stress proﬁle sb (z) for the membrane free
energy (44) is shown, in addition to the stress proﬁle st (z) for the
classic surface tension interface which applies, for instance, for
a water–oil phase separation, given by the coefﬁcients c = 0 (not
bending penalization) and g( ) = g0 > 0. In this last case, the model
includes an energetic cost for the existence of the interface. This
area penalty is the surface tension. The stress through the interface are represented by a unique positive term, implying that the
pressure is negative and thus the interfacial molecules are compressed, trying to minimize the surface area. In the case of the
membrane, the lateral stress of the phase-ﬁeld model does not
capture a realistic proﬁle, such as the one shown in Fig. 3B, but it
condensates the information in two terms of repulsion and attraction. One could interpret the forces at the middle of the interface
as the entropic repulsion between tails, whereas the two lateral
attractive regions may correspond to the cohesive stresses acting
at the hydrophilic–hydrophobic transition region. In general terms,
the proﬁle recovers the behavior proposed in the simple microscopic model studied in Section 2.1. In this approach, the balance
between attractive and repulsive interactions means that the interface is not energetically penalized for having a certain surface (i.e.,
it has zero surface tension) but instead it is penalized for having a
non zero curvature, as the ﬁrst non-vanishing term in the expanded
free-energy corresponds to 1/R2 . The parameter that determines
this energetic cost is identiﬁed as the bending rigidity of the membrane.
The membrane model should include both the bending
contribution and the compression of the membrane. The areacompression effect is modeled by directly imposing a constant
surface area, as ﬁrst proposed by Helfrich. This is done by adding
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Fig. 2. (A) Bulk potential of the curvature free energy (44), with three phases of
equal energy. (B) Linear dispersion of the decay of a phase when subjected to a
weak sinusoidal perturbation. The ±1 phases are stable, whereas the 0 phase is
only stable for small domains of length < .

a Lagrange multiplier in the bending free-energy, so that the complete membrane free energy is
3
Fmem [ ] = Fb [ ] + √
2 2



2

A (∇ ) dV.

(48)

where  A represents the Lagrange multiplier for the area conservation. If the interface is small, then (∇ 0 )2 behaves as a ı-function,
3
lim √ sech4
→0 4 2

 x 
√
2

= ı(x),

(49)

and the volume integral converges to a surface integral over the
interface, given by the coordinates x ,
3
√
2 2





(∇

2

0 ) dV −→

→0

Fig. 3. (A) Scheme of a lipid bilayer. The multiple interactions between the different chemical groups of the bilayer (including repulsion between polar groups,
hydrophobic attraction, cohesive, repulsive effects between tails, etc.) leads to a
complicate stress proﬁle in real cell membranes. However, they are characterized
by a balance between internal tensions, so that the surface tension vanishes in this
system. (B) Example of lateral stress proﬁle sexp (z) for a lipid bilayer, based on the
results of Hu et al. (2013) obtained from MARTINI simulations of DMPC bilayers.
(C) Lateral stress proﬁle of the membrane phase ﬁeld model, sb (z) (blue line), and
for a tension interface, st (z) (red line). The phase-ﬁeld model for membranes does
not reproduce the exact lateral stress proﬁle of a realistic membrane but effectively
concentrates the interactions in two contributions, a central term of repulsion and
two symmetric attractions, and their balance recovers the tensionless nature of the
membrane. A physical interpretation of this simple proﬁle is that the central term
corresponds to the entropic repulsion between the lipid tails, whereas the lateral
attractions would represent the attractions between head and tails, following the
spirit of the model of Petrov and Bivas (1984). In comparison, the lateral stress proﬁle
of a tension interface, involves a single term at the frontier between the two phases,
penalizing the presence of the interface. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)



ı(x − x )dV =

dS.

(50)

Although the last term in (48) has the expression of a surface
tension, note that  A is shape dependent and it varies with the
deformation. The expressions of the chemical potential mem and
stress tensor mem for the complete membrane model must be
obtained.
Finally, it should be noted that a term 6 is present in (44).
The system actually presents three equilibrium phases, eq = 0, ± 1,
evoking the case of amphiphilic systems, where often a third phase
is introduced accounting for the presence of the lipid-rich domain
(Gompper and Schick, 1994). Although the three phase description
is actually more realistic (since it considers explicitly the presence
of lipids), the two phase model described above is more consistent
with the Helfrich theory, in the sense that it treats the membrane
as a sheet characterized by its local curvature, disregarding the
microstructure of the membrane. By means of a linear stability analysis, it can be shown that the phase eq = 0 is not macroscopically
stable. Fig. 2 A shows the form of the bulk potential fb , with three
equilibrium phases. The stability analysis reveals that the phase
eq = 0 presents a different behavior with respect to eq = ±1. The
exact derivation requires of a detailed description, but we brieﬂy
outline the main steps here. Let us suppose a planar interface separating two of the stable phases. A sinusoidal small perturbation
is introduced, 0 = eq + eiqx , and one assumes that it will decay
as = 0 ert , an ansatz generally valid in the linear regime q  1.
Introducing these expressions in the model, the growth rate r(q) is
obtained, as shown in Fig. 2 B. If r < 0 the interface is stable and the
system will decay to the initial planar interface. For r > 0 the system
is unstable. Note that in these calculations an explicit time dependence is required, though it has not been presented yet. The time
evolution is discussed in Section 3.6 and we do not make here further comments on this, but let us concentrate on the stability of the
system for each equilibrium phase. The phases ±1 are both stable
for the entire range of wavelengths of the perturbation,  = 2/q.
The phase 0 = 0 is, however, stable for a short range  < . Thus,

eq = 0 is not macroscopically stable since it can only be present
as a microemulsion, and thus being irrelevant in our membrane
description.

3.5. Generalized membrane model
The model presented in this section corresponds to a symmetric
homogeneous membrane. However, the phase-ﬁeld methodology
allows to extend the model to cover more complex membranes.
Two cases are considered here: asymmetric membranes with a non
zero spontaneous curvature that affects to the membrane balance,
and multicomponent membranes in which the elastic properties
vary along the membrane surface due to an inhomogeneous composition.
3.5.1. Asymmetric membranes
Cells often present asymmetric membrane composition, and
beneﬁt from the control of this property in a number of ways, as will
be discussed for the case of pearling and tubulation in Section 4. The
phase-ﬁeld free energy (44) can be modiﬁed in order to account for
a membrane asymmetry, effectively captured in the Helfrich model
by a positive spontaneous curvature, C0 . The resultant free-energy
reads (Campelo and Hernández-Machado, 2007b)
FSC =
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The term (1 − 2 ) represents a ı-function centered at the interface position, so that the interface is forced to accommodate its
√
surface to the spontaneous curvature C0 = c0 / 2. In principle,
this spontaneous curvature can be nonuniform and present local
domains in the membrane with variable asymmetry.
3.5.2. Multicomponent vesicles
The different lipid species present in the membrane often pack
forming monospeciﬁc aggregates, with important implications in
the cell functioning as they are related with membrane trafﬁcking
and signaling (Simons and Vaz, 2004). The experiments carried
out by Baumgart et al. (2003) with lipidic vesicles showed that
the bilayer lipid composition can be controlled to form these
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aggregates, and modulate the vesicle shape. Depending on the
speciﬁc lipids of the domain, the vesicle presents inhomogeneous
membrane properties. The morphology assumed by the vesicle
responds to the balance of this particular membrane composition.
The problem was theoretically approached by Wang and Du
(2008), who developed a model in which both the bending rigidity
and the spontaneous curvature depend on the local domain,
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3.6. Membrane dynamics and hydrodynamic coupling

2
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dV

l( , )dV,

(53)

and added the usual constraints of constant total area and volume
for the order parameter . The functional l( , ) accounts for the
line element of the frontiers of the lipid domains,
l( , ) = L|∇ |2 |∇ |2 ,

(54)

with normalization constant L. Minimization of (53) leads to the
minimal shapes of the vesicle. The model nicely reproduces the
shapes obtained in Baumgart et al. (2003), and highlights the subtle control of membrane shape mediated by the formation of local
aggregates with suitable elastic properties.
3.5.3. Alternative membrane models
The model presented here exploits the balance of stresses along
the smooth interface in order to obtain a tensionless membrane,
whose only elastic contribution is then the bending. The goal of
this approach is that the information of the interface geometry (e.g.
the local curvature) is intrinsically contained in the gradients of
the order parameter, so that we only need to specify the dynamics
of the order parameter and forget any other treatment of the surface membrane. A different approach has been proposed by Biben
and Misbah (2003) and Biben et al. (2005). The basis of this model
can be conceived as intermediate between phase-ﬁeld and explicit
methods. They proposed a bending free energy of the form

F=
2



dV (Ĉ − C0 )

2 |∇

2

|

,

The theory of Ginzburg–Landau provides a basis for the
energetic characterization of membranes. However, the time
dependence of the interface is obviously a critical ingredient in the
modeling of the membrane phenomenology. In non-equilibrium
dynamics it is usual to assume that each small volume element is locally in thermodynamic equilibrium so that the whole
system evolves toward a global equilibrium. This mesoscopic
hypothesis is generically known as local equilibrium and constitutes a fundamental assumption for the subsequent theory. In the
case of membranes, the separation in time scales between the
rearrangement and diffusion of lipids, ∼10−9 s, and typical cell
deformation times and mechanic response, ∼10−3 s, ensures that
the local equilibrium approach applies correctly.
In the framework of the Cahn–Hilliard theory (Cahn and Hilliard,
1959), the dynamic evolution of the order parameters is dictated
by a diffusive equation,

∂
=∇·
∂t



+

although in this scheme the interface is not tracked either, the mean
curvature must be speciﬁcally computed, implying a number of
stability numerical problems that require of a very ﬁne tuning of
the model. For instance, ∇ → 0 in the bulk, given rise to numerical divergences of the normal vector far from the interface. This
model of speciﬁc curvature calculation reproduces the desired elastic behavior of the membrane, but it deviates from the original spirit
of phase-ﬁeld models.

(52)

∂˝

where i refers to the lipid species present in the domain ˝i and
then the membrane rigidity i and the spontaneous curvature C0,i
depend on the speciﬁc domain ˝i . The whole membrane surface obviously arises from the composition of all these domains,
˝ = ˝1 ∪ ˝2 ∪ · · · The last term in (52) represents a line tension
term accounting for the border between the different lipid domains.
Wang and Du (2008) considered the problem of two coexistent
species and introduced a phase ﬁeld formulation based on two coupled order parameters, and . The main ﬁeld represented the
vesicle surface, whilst the auxiliary ﬁeld  formed a perpendicular surface to the vesicle, so that the regions where both surfaces
superpose deﬁne the domain of one of the species. Furthermore,
the parameter coefﬁcients of the free energy of depend on the
ﬁeld, () and c0 (), with two constant values at  = +1 and  = −1
and a smooth transition in the interface. Thus, they propose a free
energy of the form
Fmc =

55

(55)

where Ĉ is the total curvature of each isosurface of constant . Thus,
Ĉ is deﬁned in the entire volume rather than in the membrane surface, albeit the presence of the delta-like function | ∇ | reduces the
volume integral to a surface integral in the limit of thin interface,
so that in this limit Ĉ(x)ı(x − xm ) → C at the membrane position
xm . The mean curvature is numerically computed from the normal vector to the isosurface, Ĉ = −∇ · n̂, where n̂ = ∇ /|∇ |. Hence,



M∇

ıFmem
ı



.

(56)

It is not difﬁcult to show that the total amount of order parameter is constant in the system. If the interface is locally in equilibrium,
this implies that the total amount of each equilibrium phase is also
constant. This property is specially convenient in the context of
cell modeling, given that the conserved evolution ensures that the
amount of ﬂuid both inside and outside the cell frontiers remains
constant, and the enclosed volume restraint of the Helfrich free
energy (1) is directly fulﬁlled. Alternative models which consider a
non-conserved dynamics, such as an Allen–Cahn dynamic equation
(Du et al., 2004, 2005), explicitly introduce the volume conservation
by adding the correspondent Lagrange multiplier.
The Cahn–Hilliard equation (56) dictates the dynamics of the
interface but, in many systems, hydrodynamic effects of the aqueous environment are also crucial in the membrane evolution. A
paradigmatic example is the study of red blood cells and lipid vesicles while ﬂowing along capillaries forced by an external ﬂow. To
model the interaction of the membrane with the surrounding ﬂuid,
it is usual to incorporate the Navier–Stokes equation to describe the
dynamics of the ﬂuid, and both equations are coupled describing
the interaction between the membrane and the ﬂuid. The complete
model is

∂
+ v · ∇ = M ∇ 2 mem .
∂t


∂v
+ (v · ∇ v) = −∇ P + fmem + ∇ 2 v + fext .
∂t

(57)
(58)

where fext is an external forcing driving the ﬂow, such as a pressure
difference (P)/L between the edges of a channel of length L, or a
gravity force g. The advection term v · ∇ in (57) describes how
the ﬂuid accelerates the membrane, and the response exerted by
the membrane is given by the force density fmem . The elastic force
density fmem is obtained from the divergence of the stress tensor
(31),
f=∇·

mem

= − ∇ mem .

(59)
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The complexity of these equations and the geometries that are
usually studied in membrane problems avoid an analytic integration of the model, and the four numerical methods are required.
The Navier–Stokes equation can be integrated by different methods which must incorporate the coupling with the order parameter.
Among others, new hybrid formulations have been developed for
immerse boundary methods (Du and Li, 2011; Shao et al., 2013) and
Lattice–Boltzman methods (Kendon et al., 2001).
4. Applications
In this section, we overview two different membrane related
problems that have been studied by means of phase-ﬁeld methods.
The ﬁrst case, the membrane instabilities triggered by hydrophobic insertion of polymers, concerns the local shape deformation
induced by conformational changes in the membrane microstructure. The second case studies the morphological response of red
blood cells to an external force, the ﬂow induced in a highly conﬁned channel by a pressure gradient, a problem of relevance in
blood microcirculation. In spite of the different nature of the two
problems, the ﬂexibility and robustness of phase-ﬁeld methods
offers a good approach to both, by just incorporating slight modiﬁcations to the model.
4.1. Polymer induced membrane instabilities
Cell membranes do not only assume structural functions but also
contribute to a wide variety of fundamental processes of the cell,
including transport of nutrients and energy (Cai et al., 2007; Matteis
and Luini, 2008). Molecules are enclosed in a lipid vesicle which
can be transported from one region of the cell to other, allowing
exchange of matter between the Golgi apparatus, the endoplasmic
reticulum and the outer environment of the cell (i.e. exocitosis). A
different mechanism of transport is tubulation, in which the formation of long tethers can connect two distant organelles, serving
as conduits of direct communication. The spontaneous deformation of the membrane necessary to develop such speciﬁc shapes,
both lipid buds and tubes, is a fascinating phenomena. Among other
mechanisms, cells are able to induce an instability that triggers
the formation of these structures by controlling the concentration
of certain polymers that anchor to the membrane, generating an
imbalance in the inner structure of the membrane that forces it to
deform into new equilibrium shapes, relaxing the membrane tensions introduced by the anchored polymers. In this context, phase
ﬁeld models have proven to be powerful and elegant approaches
for the understanding and characterization of these dynamic instabilities.
4.1.1. Pearling
The pearling instability observed when monocomponent lipid
vesicles are exposed to the presence of certain amphiphilic
molecules represents an interesting model system to understand
the formation of lipid vesicles in cells. Tsafrir et al. (2001) realized a series of experiments in which they introduced amphiphilic
polymers in the surrounding region of a tubular vesicle, and after
the molecule diffusion they observed the formation of arrays of
pearls of different size. The molecular basis of this phenomena is
found in the anchoring of the amphiphilic molecule that introduces its hydrophobic head into the lipid bilayer of the vesicle.
The disruption induced by the polymer introduces an intrinsic
asymmetry to the bilayer, and afterwards the equilibrium shape
of the vesicle is no longer stable, giving rise to the development
of pearls. Campelo and Hernández-Machado (2007a) made use
of a phase ﬁeld methodology to study the dynamic pearl formation.

The model of Campelo and Hernández-Machado (2007a)
assumes that spontaneous curvature depends on the polymer concentration , given that a higher concentration implies a higher
density of anchored polymers along the vesicle surface which
force larger bending deformations. They therefore considered the
free energy (51). The dependence between spontaneous curvature and polymer concentration is assumed to be linear, c0 (x, t) =
(0)
(1)
c0 + c0 (x, t). The model assumes that the polymer diffusion is
very fast, show that the membrane interacts with an homogeneous
polymer concentration. Additionally, based on the good qualitative and quantitative agreement between numerical results and
experiments, it can be inferred that the assumption of an spatially homogeneous concentration of polymers represents actually
a good description. The free energy (51) is introduced in a conserved dynamic formalism (56), allowing an study of the temporal
evolution of the deformation.
The results presented in Campelo and Hernández-Machado
(2007a) show that initially a ﬁrst pearl is formed at the cap of
the tube, connected to the main part by a thin neck, although the
pearl does not pinch-off. Further addition of polymer triggers the
gradual formation of pearls, all with a radius determined by the
relevant spontaneous curvature, Rpearl = 1/c0 , so that the bending
energy of the mebrane vanishes. However, beyond a critical value
of spontaneous curvature, c0 = 2A/3V, where A and V are the surface
area and volume of the tube, respectively, the membrane cannot
support such a high asymmetry and the regular conﬁguration, in
which all the pearls have the same size, desestabilizes into a chain
of increasingly smaller size (being the largest pearl the one situated at the tube cap), as shown in 6A. The size gradient increases
for higher polymer concentrations, as it imply an important relaxation of the bending energy with respect to more homogeneous
conﬁgurations. The results highlight the subtle control of the vesicle
shape that can be achieved by the tuning of polymer concentration
(Fig. 4).

4.1.2. Tubulation
The formation of long tubes in highly oblate vesicles was experimentally studied by Tsafrir et al. (2003). They found that the
hydrophobic insertion of polymers in the lipid membrane triggers
a sequence of complicate shape deformations. Initially, the addition of the polymer solution in the surrounding of a ﬂuctuating
vesicle 5a induces the formation of a bud and the suppression of
the surface ﬂuctuations. Then, the buds grow deforming into cylindrical tubes. After the polymer source is depleted, tubes stabilize
in a bud-like shape, and eventually the vesicle absorbed the buds
recovering a compact shape. The spontaneous curvature phase
ﬁeld model (51) can be applied to face this problem (Campelo and
Hernández-Machado, 2008). In this case, the vesicle is subjected to
the presence of an inhomogeneous gradient of polymer concentration, (x). An important assumption of the model is that the vesicle
acts as a lipid reservoir, so that the tube has no lipid mass limitation during its growth. The phase-ﬁeld results show that the tube
is formed and grows for large concentration gradients, when the
polymers are localized at the tube cap, but the homogenization
of the polymer distribution leads to the membrane deformation
into buds, structures with a circular body and thin neck connecting with the main vesicle body. The results show a qualitative nice
agreement with experimental results, see Fig. 5B, capturing the
growth of tubes when sharp polymer concentrations are present
and then stabilizing in the mesostable conﬁguration of small buds
for more homogeneous concentrations after the polymer diffusion.
The phase-ﬁeld modeling demonstrates that the complicate processes of tubulation and budding can be entirely understood as the
shape response of the vesicle to an inhomogeneous distribution of
spontaneous curvature given by the anchoring of polymers.

G.R. Lázaro et al. / Chemistry and Physics of Lipids 185 (2015) 46–60

Fig. 4. Red blood cell modeling with phase-ﬁeld methods. In this case, the order
parameter is deﬁned in a two-dimensional domain an axisymmetry is applied in the
horizontal axis. The initial conﬁguration was an ellipse with the relevant reduced
volume of these cells, vred = 0.6, and we impose rotational symmetry around the
minor axis. The inner region of the ellipse was initialized at = +1 and the outer one
corresponds to = −1. The interfaces relaxes in a fast time scale, acquiring its equilibrium, tanh-like smooth proﬁle; then, the surface tension of the interface vanishes
and the minimization of the shape is driven by curvature. In equilibrium, the shape
obtained is the characteristic biconcave proﬁle, the original result of Canham and
Helfrich.

4.2. Red blood cells dynamics in microchannels
Erythrocytes or red blood cells (RBCs, hereafter) are responsible
for the transport of oxygen along the circulatory system, and their
functionality critically depends on their deformation capability as
they cross through very thin capillaries (when oxygen is delivered)
of smaller section than the RBC size. RBCs are known to exhibit a
fascinating behavior when ﬂowing in conﬁned channels, as a result
of their complex elastic response to the external ﬂow perturbation
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(Abkarian et al., 2008). The RBC anucleated nature implies that its
elastic properties are controlled by the plasma membrane. Several
diseases, such as malaria and sickle cell anemia (Gallagher, 2005)
modify the membrane elasticity of the cell affecting to the cell functionality and circulatory properties of the individual. The behavior
of RBCs in conﬁned channels is therefore an important subject for
the understanding of blood circulation and it has applications in
blood handling and pathology diagnosis (Toner and Irimia, 2005).
For these reasons, the study of RBC ﬂow has raised interest in recent
years and different theoretical and numerical studies have focused
on the subject (Noguchi and Gompper, 2005; Vlahovska et al., 2009;
Kaoui et al., 2009). It has been proven that the dynamic behavior
of RBCs during blood ﬂow is not dominated by the presence of the
cytoskeleton (Forsyth et al., 2011), and then the Helfrich theory
represents an accurate description of the elastic behavior of the
RBC membrane at these conditions. Therefore, phase-ﬁeld methods
provide an interesting pathway for the study of blood ﬂow (Lázaro
et al., 2014).
The phase-ﬁeld model (44) reproduces the elastic behavior of
a cell membrane. The equilibrium shape of a RBC (the so-called
discocyte) can be obtained by minimizing the free-energy (44) for
an ellipsoid with the appropriate surface area and volume, as both
quantities are ﬁxed in RBCs due to the membrane incompressibility
and constant enclosed volume, respectively. Although the geometric characteristics of human RBCs present high interindividual
variation, typical values are A = 140 m2 and V = 90 m3 , leading
to a reduced volume red = V/(4R3 /3) ∼ 0.58, where R = (A/4)1/2 .
The ellipsoid minimization can be performed by integration of
equation (56), providing the equilibrium shape of the RBC, the socalled biconcave discocyte. The RBC must then be introduced in a
ﬂow driven by a pressure gradient, included in our model in the
Navier–Stokes equation (58). The key parameters of the model are
the bending rigidity of the cell membrane, , and the external forcing (P)/L that induces a ﬂow velocity v. RBCs present a typical
value of  = 2.0 × 10−19 J, and the relevant ﬂow velocities observed
in microchannels are of v∼0.1 cm/s. The competition between the
viscous effects of the ﬂow and the elastic ones of the cell membrane
are given by the capillary number

C =  / =

a3 v
,
b

(60)

where   = a3 / and  = b/v are the relaxational time of the cell
and the inverse of the shear rate, respectively. a is the RBC diameter

Fig. 5. Curvature driven instabilities: comparison between experiments and numerical results from the phase-ﬁeld model. (A) Pearling instability. The upper plot shows
the time evolution of the pearling process: the ﬁrst pearl is formed at the cap and the instability extends subsequentially along the tube. In the bottom, an example
of an inhomogeneous distribution of pearls, a favorable conﬁguration for high polymer concentrations in comparison with the homogeneous pattern. (B) Tubulation.
Comparison between the tube growth characteristic of the beginning of the process, when the polymer distribution is highly inhomogeneous and concentrated in the tube
cap, and the √
budding, when polymer concentration is more homogeneous and the structures deform into buds. The polymer concentration was ﬁxed to a Gaussian proﬁle
(x) = 0 /( 2) exp(−|x − xappl |2 /2 2 ), which increases from the vesicle surface to the point where the polymer solution is applied, xappl . The increase of the standard
deviation implies a more homogeneous polymer distribution, which can be related with the diffusion of the polymers in the bulk. Reprinted ﬁgures with permission from
(A) F. Campelo and A. Hernández-Machado, Phys. Rev. Lett. 99 (2007) 088101, and (B) F. Campelo and A. Hernández-Machado, Phys. Rev. Lett., 100 (2008) 158103. Copyright
2014 by the American Physical Society.
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Fig. 6. (A) Comparison between phase-ﬁeld results and experiments of RBCs ﬂowing
in highly conﬁned channels: slippers (left) and parachutes (right). Experimental
ﬁgure from Ref. (Tomaioulo et al., 2009). (B) RBC morphologies for a cell initially
placed at the channel axis, as a function of the capillary number C = a3 v/b. The
crosses represent the cell center of mass. RBCs initially retain a centered position,
with a shape similar to the equilibrium discocyte. For intermediate ﬂow velocities,
RBCs are localized at an off center position, where they assume a slipper shape.
For high ﬂow velocities, RBCs adopt a symmetric parachute shape centered in the
channel. (C) Bending energy of the RBC morphological sequence. The plot shows
the three main morphological regimes. Centered discocytes are characterized by
a gradually increasing bending energy, until the energy peaks before RBCs adopt
the slipper shape. This deformation allows a relaxation of the bending energy, as
shown in the inset which represents a zoom up of the curve. Parachutes are strongly
penalized shapes. (D) Ratio between the bending and incompressibility terms of the
elastic membrane energy (48). At low ﬂow velocities the bending is dominant and
completely determines the morphological response. On the contrary, at high ﬂow
velocities, when the cell is subjected to severe stretchings, the incompressibility
contribution is dominant limiting the RBC deformation.

and b represents the channel width. For a ﬁxed bending rigidity, the
capillary number is proportional to the ﬂow velocity.
Depending on the relative RBC rigidity with respect to the
incoming ﬂow, RBCs ﬂowing in microchannels assume different
shapes. The complete morphological sequence is shown in Fig. 6B.
At low ﬂow velocities, RBCs ﬂow unperturbed maintaining a discocytic shape, and showing a slight deformation that enables them
to accommodate their shape to the proﬁle of the external ﬂow. For
RBCs located at the axis this implies that they increasingly bend
with the ﬂow velocity. At some point, RBCs ﬂowing close to the
axis are forced off center and migrate laterally to an asymmetric
position in the channel, where they acquire the so-called slipper
morphology. RBCs assume an asymmetric shape that allows them
to orient its axis with the local ﬂow proﬁle. As the ﬂow velocity
increases, however, RBCs gradually acquire an horizontal inclination, with their axis parallel to the channel walls. Further increasing
the ﬂow velocity leads to instability of the slipper shape, and the
cell recovers a symmetric shape returning to the channel axis and
developing a parachute-like morphology. The presence of slippers
and parachutes is restricted to very thin channels, as they are critically inﬂuenced by the hydrodynamic interactions with the walls.
In thicker channels, where velocity gradients are lower, at the RBC
scale the cell interacts with a more planar ﬂow proﬁle. Accordingly,
they are not forced to bend, maintaining a discocytic shape even at
high ﬂow velocities.
The sequence of RBC morphologies can be interpreted from the
bending energy of each shape, as shown in Fig. 6C. Initially, RBCs
are subjected to slight but gradual deformations, and their bending

energy increases linearly with the ﬂow velocity. At some point, the
lateral position of the RBC allows the cell to deform into a slipper,
a more symmetric shape than the previous curved discocytes, and
the cell deformation energy decreases. The RBC off center position
is characterized by a lower bending energy along a considerable
range of ﬂow velocities, until eventually the cell shape deforms into
a parachute. The parachute morphology implies a high deformation from the equilibrium discocyte, and consequently it is strongly
energetically penalized. The relative contributions to the elastic
energy of the bending and incompressibility terms of (48) is shown
in Fig. 6D. At low ﬂow velocities, the weak ﬂow forces induce negligible stretching to the membrane and hence the incompressibility
effect vanishes. As the ﬂow increases and cell deformations are
larger, the incompressibility becomes dominant. The critical value
separating both regimes corresponds to the off-center slipper.
The results reproduce the observed shapes of RBCs (see Fig. 6A)
and highlight the relevance of the cell elasticity and its interplay
with the ﬂow, and especially the effect of the channel walls. Accordingly, rigid RBCs, such as those infected by malaria, could show a
different morphological behavior thus affecting to the ﬂow properties of blood, such as a higher viscosity. This problem constitutes
a good example of how small changes in the structure of the cell
membrane can impair the functionality of a much larger, macroscopic system, as the results of the phase-ﬁeld model prove.

5. Conclusions
The complexity of cell membranes composition forces to refuse
a detailed description of the membrane microstructure and adopt
a mesoscopic approach, in which the internal physics of the membrane is captured by the effective variables at the mesoscale. The
mechanical response of the cell membrane is typically described by
the theory of elasticity. The small thickness of the membrane relative to the cell length scale allows the treatment of the membrane
as a two-dimensional elastic layer. In particular, Helfrich proposed
that membrane elasticity is dominated by bending rather than the
in-plane contribution of shear. He also incorporated to the model
a spontaneous curvature, which accounts for asymmetries in the
internal structure of the membrane, reﬂecting that membranes
sometimes show a preferential curvature. Finally, the strong bonds
formed between lipids lead to an incompressibility condition in
the membrane surface area. Based on these main assumptions, the
Helfrich theory has proven to be extraordinarily successful, with an
outstanding number of cell membrane problems studied by means
of this model.
Based on the Helfrich theoretical framework, we have presented the phase-ﬁeld formalism as a powerful tool for approaching
complex phenomena related with dynamics and morphology of
biological membranes. Phase ﬁeld models have been applied to
the study of different interface problems, but only recently for
membrane modeling. The phase-ﬁeld theory makes use of an order
parameter which has two stable phases, and the interface connects
both phase domains by a smooth proﬁle. Thereby, one needs to
solve the dynamics of the ﬁeld, avoiding the complex treatment of
the moving boundary condition of the interface. Phase-ﬁeld methods allow a ﬁne tuning of the interface properties, as demonstrated
in this article, a basic property when dealing with membranes given
the speciﬁc elastic characteristics of these structures.
We have shown the link of the phase-ﬁeld model with the
elastic theory of membranes, providing a ﬂexible methodology for
the study of membranes with different properties. The membrane
model presented here effectively describes the internal stresses
of the membrane, which in turn determine the elastic response
of the cell. The phase-ﬁeld can be coupled to a velocity ﬁeld
describing the hydrodynamics of the surrounding ﬂuid, since in
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many situations the hydrodynamic effect plays a critical role in the
membrane dynamics. The robust physical basis of the complete
phase-ﬁeld Navier–Stokes model allows to deal with very different membrane phenomena, as shown in the Applications section,
where we have presented two examples of membrane modelization. First, we have explained vesicle pearling and tubulation. These
phenomena are triggered by the insertion of amphiphile polymers,
which anchors to the membrane and induce a preferential curvature. In the phase-ﬁeld approach, the interface proﬁle is modiﬁed
introducing an asymmetry, forcing the vesicle to deform adopting the pearl (or tube) conﬁgurations. The second case presented
concerns the mechanics and morphological response of RBCs when
ﬂowing through highly conﬁned channels. The interplay between
membrane elasticity and external ﬂow leads to a complex sequence
of deformed cells. The phase-ﬁeld model allows to understand the
relevance of membrane properties (e.g. rigidity) in the ﬂuid behavior of blood.
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