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A numerical model for ﬂuid-induced topology in ﬁbrous porous media is proposed.
Topology is deﬁned by clustering, computed as convolution of ﬁber distribution.
2D clustering locally depends on porosity, shear rate and out-of-plane forces.
Permeability may decrease one order of magnitude due to ﬂow-induced variations.
A hybrid FV/LB CFD method is developed to solve the multiscale ﬂuid ﬂow problem.
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The contribution of ﬁber dynamics and clustering to the effective permeability in hierarchical ﬁbrous
media is poorly understood, due to the complex ﬂuid–structure interactions taking place across ﬁber,
yarn and textile scales. In this work, a two-dimensional model for ﬁber deformation subject to out-ofplane movement restrictions is derived for creeping ﬂow conditions by analogy with non-Brownian
suspensions of particles with conﬁning potentials. This leads to a homogeneous Fokker–Planck equation
in a phase space of ﬁber conﬁgurations, for the probability density function of the ﬁber displacements. A
ﬁber clustering criterion is then deﬁned using autoconvolution functions of the local probability
densities, which yields the local change in ﬁber-scale permeability according to a topological description
of the porous media instead of the typical geometric description. The resulting multi-scale hydrodynamic system is numerically solved by a coupled method, where the Stokes ﬂow at yarn-scale is
solved with a ﬁnite volume method and the mesoscopic model that recovers information from the ﬁberscale is solved by a lattice Boltzmann method. The ﬁber-scale permeability is characterized in terms of
porosity, dimensionless shear rate and dimensionless out-of-plane forces. When assessed in terms of a
reduced viscosity related to Brinkman's closure for porous media, the mesoscopic model shows that
deformable ﬁbrous porous media qualitatively behave like dense particle suspensions. For low volume
fractions a non-Newtonian reduced viscosity exhibiting shear-thinning and low- and high-shear plateaux
is obtained. For high volume fractions and high shear rates the out-of-plane forces lead to shear
thickening. The results on steady ﬁber-scale permeability are presented in the form of phase diagrams
which show that in the typical range of parameters for textiles, the effective permeability of the
deformable case can be up 60% lower than that of the rigid case due to the formation of ﬁber clusters.
& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Accurate permeability prediction of textile preforms is remarkably
important for the manufacturing of ﬁber-reinforced thermosetting
composites (Potter, 1997). The ﬁnal quality of the component mostly
depends on process variables, whose optimization require the textile permeability as an input parameter. Textile preforms for these
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applications generally present a hierarchical structure and therefore
different length scales to be taken into account, typically ranging
between one and three orders of magnitude. As a consequence, the
numerical solution of the ﬂuid ﬂow in the real geometry is computationally expensive or even not affordable with standard techniques
when length scales diverge. A common practice consists in separating
scales and/or reducing the dimensionality of the problem. This allows
for the so-called “constitutive” relations (Hunt et al., 2014), that is,
analytical solutions or experimental correlations which serve as
auxiliary means for the numerical simulations. A review of the several
experimental and analytical techniques developed in this framework
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can be found in Åström et al. (1992) and Yazdchi and Luding (2012).
One of the best established correlations was proposed by Gebart
(1992), who derived analytically a permeability law for ordered
arrangements of cylinders:
"rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
#5=2
K
1  εc
¼C
;
ð1Þ
1
1ε
R2
where K is the permeability, R the characteristic radius, C a geometrical
factor depending on the arrangement, ε the porosity and εc its critical
pﬃﬃﬃ
value (or percolation threshold). The author calculated C ¼ 16=9π p2
ﬃﬃﬃ,
εc ¼ 1  π =4pﬃﬃﬃfor square arrangements and C ¼ 16=9π 6,
εc ¼ 1  π =2 3 for hexagonal ones. Papathanasiou (1997) addressed
the multi-scale nature of the problem by solving numerically a square
array layout of permeable multi-ﬁlament yarns with circular ﬁbers and
showed that the effective permeability depends strongly on the
microscopic porosity only at low values of the macroscopic one. He
proposed a dimensionless correlation for the multi-scale permeability
in the form (Papathanasiou, 2001):
"
 n  3=2 #
KM
K eff ¼ K M 1 þ a1
;
ð2Þ
Km
where KM and Km correspond to the yarn (macro) and ﬁber (micro)
permeabilities, respectively. The constants a1 and n are geometrical
parameters that the author best ﬁtted with numerical simulation data,
obtaining: a1 ¼ 2:3 and n¼0.59 for square arrangements, a1 ¼ 3:0 and
n¼ 0.625 for hexagonal. Analogous studies were conducted for different yarn cross-sections and arrangements (Markicevic and Papathanasiou, 2002; Papathanasiou et al., 2002). Due to the geometrical
dependence on the percolation threshold, the validity of the above
(or similar) correlations is limited to strictly regular layouts, both at the
macro- and microscopic scales. Consequently, their use for the
numerical simulation of textile geometries often results in an unacceptable loss of accuracy due to: (i) the false assumption of regular
topologies and (ii) the deformation of the structures induced by the
ﬂuid ﬂow.
In order to overcome the ﬁrst issue (i), random or realistically
reconstructed ﬁber conﬁgurations have been extensively studied
(Endruweit et al., 2013; Soltani et al., 2014) and statistical
descriptors have been proposed to relate the permeability to
non-regular ﬁber arrangements (Chen and Papathanasiou, 2008;
Yazdchi et al., 2012). The effect of several micro-structural parameters on the effective permeability has been also investigated
using up-scaling techniques (Yazdchi et al., 2011; Yazdchi and
Luding, 2013). However, despite the intense work on conﬁgurations and up-scaling, the ﬂuid–structure interaction problem
(ii) has not been addressed in this framework, as far as the present
authors know.
The ﬂow-induced deformation of ﬁbers, however, affects the
interconnectivity of the porous matrix and thus the percolating
paths, which in turn affect the permeability (Hunt et al., 2014).
Indeed, relevant recent work on the permeability of deforming
porous matrices relies on the idea that the ﬂow resistance of
particle clusters (in two dimensions) is larger than that justiﬁable
by single particle contributions. This is basically due to the
entrapment of ﬂuid within the cluster, which increases the
apparent volume fraction reducing the hydraulic (or wet) area.
Scholz et al. (2012) recently proposed a generalized empirical
expression for permeability based on this concept:

β
2 1  χo
K ¼ clc
;
ð3Þ
N
where c is a constant that depends on the local pore geometry, lc is the
limiting hydrodynamic length, χ o is the open-space Euler characteristic (of the conducting phase), N is the number of particles and β is
the conductivity exponent. The Euler characteristic χ is a Minkowski

functional that in this framework is deﬁned as the difference between
the number of connected components of each phase (Mecke and Arns,
2005); thus χ o is the difference between the liquid phase and the
number of solid components (neglecting the ﬂuid entrapped in closed
cavities). The authors best ﬁtted β ¼ 1:27 against experimental and
numerical data for quasi-two-dimensional porous structures (close to
the critical value β c ¼ 1:3 for two-dimensional structures Scholz et al.,
2012). The quantity 1  χ o is generally referred to as genus and
represents
the

 total number of clusters of single or touching particles;
thus 1  χ o =N is the number of clusters per particle or cluster density,
which in the following will be called Ω for compactness.
Based on this latter idea, in this work we propose a multi-scale
framework for the analysis of the local ﬁber topology induced by the
ﬂuid ﬂow, through the cluster density. A two-dimensional mesoscopic model for the deformation of ﬁbers subject to out-of-plane
movement restrictions is derived for creeping ﬂow conditions by
analogy with non-Brownian systems with conﬁning potentials.
Typical non-Brownian examples are the suspensions of particles,
such as rods or short ﬁbers in a polymer (for composite manufacturing) and also the pulp in paper manufacturing (Larson, 1998). The
difference of the proposed model and these non-Brownian examples
is that we use out-of-plane forces, instead of long-range forces/
potentials. The mesoscopic model is a homogeneous Fokker–Planck
equation in a phase space of ﬁber conﬁgurations, for the probability
density function of the ﬁber displacements. A ﬁber clustering
criterion is then deﬁned via autoconvolution functions of the
probability densities, which yields the local topology of the ﬁbers
and the related change in permeability through the cluster density
Ω. The resulting multi-scale hydrodynamic system is solved numerically by a coupled ﬁnite-volume/lattice-Boltzmann method (the
latter accelerated on graphic processing units). Due to the lack of
experimental or analytical means for its validation, the behavior of
the proposed model is assessed in terms of a non-Newtonian
reduced viscosity related to the Brinkman closure for porous media.
The resulting rheology shows qualitative agreement with that of wet
granular media.
The work is organized as follows. The theoretical model is
explained in Section 2: ﬁrstly, the modeling framework is introduced, then the macroscopic equations are derived from the
microscopic scale via volume-averaging technique and the models
for the ﬁber dynamics and clustering are detailed. A very brief
description of the numerical methods follows in Section 3. Section
4 is dedicated to the introduction and discussion of the results,
which comprehend: a parametric analysis of the proposed model;
the assessment of its behavior in terms of the reduced viscosity
and the results obtained for the permeability of multi-scale ﬁbrous
media. The conclusions and an outlook on further work conclude
the paper (Section 5).

2. Theoretical model
Let us consider the modeling framework shown in Fig. 1. We
consider two scales: a macro-scale (the yarn scale in Fig. 1(a)) and
a micro-scale (the ﬁber scale in Fig. 1(b)). The relative twodimensional representative elementary volumes (REV) are shown
on the right, respectively REVM and REVm. A macroscopic porosity
εM is deﬁned as the void fraction in REVM and a microscopic one
εm as the void fraction in REVm.
The ﬁbers are assumed to be clamped at both ends, thus they
can bend under the effect of the perpendicular ﬂow ﬁeld. The
cross-section of the yarn results in a domain of two-dimensional
interacting particles suspended in the ﬂuid (Fig. 1(a)), whose
movement is restricted by the out-of-plane constraint.
Each ﬁber can bend up to ξmax , which is a function of the
distance z from REVm to the clamped end (Fig. 1(b)). The length of
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Stokes system:
∇x  v ¼ 0;

ð4Þ

0 ¼  ∇x p þ μ∇2x v;

ð5Þ

where v is the velocity vector, p is the pressure and μ is the
viscosity. The subscript x on operators indicates that they act in
physical space. For solving this system of equations the no-slip
boundary condition is set at the ν–σ interface, vjνσ ¼ 0. In order to
account for the porous media description, the superﬁcial average
of a quantity φ is deﬁned as
Z
  1
φ ¼
φ dV;
ð6Þ
V Vν
and the intrinsic volume average as
Z
1
φ ¼
φ dV;
V ν Vν

 ν

ð7Þ

where V ν is the volume of the ﬂuid ν-phase in the total averaging
volume V (extending over the length Lz). The relationship between
 
superﬁcial and intrinsic volume-averaged quantities is φ ¼
 ν
εm φ , with εm the porosity for the ν-phase deﬁned as
εm ¼ V ν =V. The superﬁcial average of the continuity equation (4)
is expanded by applying the spatial averaging theorem (Howes
and Whitaker, 1985):
Z
1
∇x  hvi þ
nνσ  v dS ¼ 0;
ð8Þ
V Sνσ

Fig. 1. Schematics of the scales considered and relative representative elementary
volumes (REV): yarn macro-scale (a) and ﬁber micro-scale (b). Fiber conﬁgurations
(c) and the corresponding cluster density Ω, which is deﬁned as the number of
single or connected components per ﬁber.

the ﬁber Lz is imposed by the structure of the textile, for example,
by knit points. The two-dimensional model is intended to be
applied to real 3D fabrics.
The bending direction is imposed by the ﬂow ﬁeld, so in
general the section of each ﬁber on REVm can move in a circle
whose radius is ξmax . The bending of each ﬁber affects that of the
neighboring ones by hydrodynamic interaction, so the relative
movement can lead to an increase or a reduction in the distance
between them (Fig. 1(c)). Contact is approached as the relative
distance ξc tends to zero. The resulting topology affects the ﬂuid
percolating paths, as long as clustered structures or preferential
channels can form, which reduce or increase the hydraulic conductivity of the yarn.
In order to derive the theoretical model, we start by considering the transport equations at the micro-scale and proceed by
upscaling them to the macro-scale via volume-averaging technique. The ﬂuctuating stress tensor resulting from the ﬂuid–structure interaction problem is closed with the proposed models for
the ﬁber dynamics and clustering (which are detailed in dedicated
sections).

where Sνσ is the interface area between the ﬂuid ν-phase and the
solid σ-phase and nνσ its unit normal. Eq. (8) can be simpliﬁed by
imposing the boundary condition vjνσ ¼ 0 at the ν–σ-interface
(Whitaker, 1986), which yields
∇x  hvi ¼ 0:

ð9Þ

The superﬁcial average is applied to the momentum equation (5),
which yields
0 ¼  〈∇p〉 þ μ〈∇2x v〉:

ð10Þ

Applying twice the spatial averaging theorem (Howes and
Whitaker, 1985) and arranging terms in such a way that the
superﬁcial averaged velocity and the intrinsic averaged pressure
are the main variables in the equation, the averaged momentum
equation is obtained (Whitaker, 1986; Ochoa-Tapia and Whitaker,
1995) as
 ν μ
μ
0 ¼  ∇x p þ ∇2x hvi  ð∇x εm  ∇x hviν Þ
εm
εm
Z
 ν
1
nνσ  ½  Iðp  p Þ

V ν Sνσ
þ μð∇x v  ∇x hviν Þ dS;

ð11Þ

I being the unit tensor. The last term is the position-dependent
ﬂuctuating stress tensor (Valdés-Parada et al., 2007), which
represents the drag force exerted by the solid phase onto the ﬂuid
phase (Fdνσ -ν ) within the averaging volume V ν . This term needs to
be closed in order to solve the equations. Brinkman's approximation for this term is (Breugem, 2007):
ðμeff  μÞ 2
∇x hvi;

2.1. Volume-averaged equations

1
Fd;Br
νσ -ν   μKm ðx; εm Þ  hvi þ

Let us consider the representative elementary volume at the
micro-scale (REVm) in Fig. 1(b). The section of the ﬁber is
represented by the solid σ-phase, suspended in the ﬂuid ν-phase.
The σ-region is therefore a mono-disperse solid phase without
interconnectivity. The ﬂow in the ﬂuid ν-region is assumed to be
Newtonian, isothermal and incompressible. The inertial effects are
neglected in creeping ﬂow conditions. The continuum transport
equations for the ﬂuid ν-region are given by the steady-state

where the ﬁrst term is a Darcy drag, while the second is a
correction that accounts for randomness in disordered media
through an effective viscosity μeff . In this work we adopt the
following closure:
Ω
1
Fd;
νσ -ν   μKm ðx; εm ; ΩÞ  hvi;

εm

ð12Þ

ð13Þ

where the permeability tensor is a function of the porosity and of
the local topology of the solid phase through the cluster density Ω.
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This latter parameter accounts for the degree of aggregation of the
solid phase, thus intrinsically for apparent variations in porosity
through the open-space Euler characteristic χ o (Scholz et al.,
2012). Finally, for constant porosity εm , the equations to be solved
in the yarn domain at the macro-scale (Fig. 1(a)) read:
∇x  hvi ¼ 0;

ð14Þ

 ν μ
1
0 ¼  ∇x p þ ∇2x hvi  μKm
ðx; εm ; ΩÞ  hvi;

εm

ð15Þ

where the permeability tensor is recovered by solving the models
for ﬁber dynamics and clustering, as explained in the next
sections.
2.2. Fiber dynamics
The equations to reproduce the movement of the solid σ-phase
in Fig. 1(b) are derived from Newton's Second Law in a statistical
way. As shown in the ﬁgure, the bending of the ﬁbers is modeled
by a mass-spring system, whose spring represents the resistance
to bending and is thus related to the out-of-plane forces. The
dynamic equilibrium on the mass is regulated by: (i) a drag force
(Fd ðtÞ), due to the movement through the viscous solvent; (ii) the
connector force (Fc ðtÞ), which represents the resistance to bending; (iii) a stochastic diffusion term (Fh ðtÞ), which accounts for
hydrodynamic dispersion. Inertial terms are neglected in the limit
of small Stokes numbers, which in this case we deﬁne as
(Marchisio and Fox, 2013)
St ¼

2ρo rLz vin
5 1;
18μR

ð16Þ

ρo being the density of the material of the ﬁbers and vin the
velocity at the inlet of REVM (Fig. 1(a)). The velocity vin results from
imposing creeping ﬂow conditions through a Reynolds number
based on the yarn radius R (see Section 4.3 for details). Because the
ﬂow is at a low Stokes number and the ﬁbers have a constrained
movement around a reference point, the friction forces associated
to the relative motion of the ﬁbers can be neglected. As a result, for
negligible Stokes numbers ﬁbers tend to move together rather
than relative to each other and the inertial term can be canceled.
Indicating with rc the position of the ﬁxed end of the spring
(i.e. the undeformed state) and rðtÞ the position vector of the mass
(see Fig. 1(b)), the drag force is


dr
ð17Þ
Fd ðtÞ ¼ ζ Lz vðrðtÞ; tÞ  ðtÞ ;
dt
with ζ being an Oseen drag coefﬁcient (Chwang and Wu, 1976), Lz
the length of the ﬁber and the term inside the brackets the
velocity of the mass relative to the viscous solvent. The reader
should notice that, here (and in the following) we omit the
volume-averaged notation for readability; however, the solvent
velocity is a volume-averaged one, obtained by solving Eqs. (14)
and (15).
The connector force is given as
Fc ðtÞ ¼ Hðrc  rðtÞÞ;

ð18Þ

where the connector force law H will be discussed later. The last
force results from hydrodynamic interactions:
Fh ðtÞ ¼ σ dWðtÞ;

ð19Þ

σbeing the standard deviation of the Wiener process WðtÞ. In this

work we use this term to model the diffusive random ﬂuctuations
of the ﬁbers due to hydrodynamic dispersion; forpthis
ﬃﬃﬃﬃﬃﬃﬃ purpose we
adopt a diffusion coefﬁcient D and write σ ¼ 2D for convenience. In the limit of small Stokes number, lubrication forces
(Israelachvili, 2011) are neglected, assuming that the relative
velocity between the ﬁbers is small.

Finally, the dynamic equilibrium of forces on the mass yields
the stochastic differential equation (Langevin equation):
pﬃﬃﬃﬃﬃﬃﬃdW
dr
H
ðtÞ ¼ vðrðtÞ; tÞ þ
ðtÞ:
ðr  rðtÞÞ þ 2D
dt
dt
ζ Lz c

ð20Þ

Applying the forward Kolmogorov equation (Öttinger, 1996) and
letting ξ ¼ rc  rðtÞ yields the diffusion (Fokker–Planck) equation
for the probability density ψ ðξ; tÞ of the local ﬁber displacement
with respect to the undeformed state (see Appendix A)


∂ψ
Hξ
þ ∇ξ 
∇x v  ξ 
ψ ¼ D∇2ξ ψ :
ð21Þ
∂t
ζ Lz
In this work we assume the connector force law to follow the
ﬁnitely extensible non-linear elastic model (Öttinger, 1996),
therefore:
H¼

h
1  J ξ J 2 =ξmax
2

;

ð22Þ

with h being the spring constant and ξmax the maximum extensibility (see Fig. 1(b)).
2.3. Model parameters
Let us now focus on the calculation of the maximum extensibility ξmax and the contact distance ξc (see Fig. 1(b)). Considering
the ﬁber as a high-aspect-ratio hyperstatic beam subject to a
distributed load, the bending (and thus the maximum extensibility) is given as (Young et al., 2011)

ξmax ¼

ζ z2
24EJ

ðLz  zÞ2 ;

ð23Þ

E being the Young modulus of the material and J ¼ π r 4 =4 the
second moment. The drag force per unit length ζ can be recovered
by the Oseen formula (Chwang and Wu, 1976) as

ζ¼

4πμvin
;
log ð4=Rem Þ  γ þ0:5

ð24Þ

where Rem is the Reynolds number based on the ﬁber radius and γ
the Euler constant. The maximum bending ξmax depends on the
geometry of the ﬁbers, on their material and on the ﬂow, which
makes this parameter representative of the out-of-plane forces.
On the other hand, the contact distance ξc is a geometrical
function of the porosity. In this work we consider the ﬁbers to be
in a square arrangement when undeformed (see Fig. 1(c)); thus the
contact distance can be written as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
π r2
ξc ¼
 2r:
ð25Þ
1  εm
An overview of the material properties and dimensions used in
this work are shown in Table 1 (the symbol C indicates the range
of values explored). The yarn radius, for example, ranges between
100 and 500 μm, depending on the macroscopic porosity εM (see
Fig. 1(a)).
2.4. Dimensional analysis
Considering a characteristic time-scale θ ¼ ζ Lz =2h of the ﬁber
relaxation
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ and a characteristic length-scale of the mass–spring system
ℓ ¼ 2θD (see Fig. 1(b)), the maximum extensibility and contact
2
distancep
are
made dimensionless respectively as ξ^ max ¼ ξmax =2θD and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ξ ¼ ξ = 2θD. The dimensionless form of Eq. (21) is
c
c


∂ψ
1
^ 2ψ;
þ ∇ξ^ 
θ
ð∇x vÞ  ξ^  H^ ξ^ ψ ¼ D∇
ð26Þ
ξ^
2
∂t^
^ is a dimensionless diffusion coefﬁcient which is equal to 1/2
where D

due to scaling and θð∇x vÞ is the dimensionless shear-rate. The
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dimensionless connector force in Eq. (22) reads
h
i1
;
H^ ¼ 1  J ξ^ J 2 =ξ^ max

ð27Þ

thus the support of the probability density function is a disc of radius
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10  12 C10  9 m2 =s, Eq. (31) yields for the maximum extensibility
the values given in Table 2.
2.5. Fiber clustering

 1=2

ξ^ max . The initial distribution for Eq. (26) is given as the analytical
solution for θð∇x vÞ ¼ 0, which, considering unitary normalization,
reads

ψ 0 ðξ^ Þ ¼ H^

 ξ^ max=2

Z

^

 ξ max=2
dξ^
H^

1

:

ð28Þ

An overview of the model parameters is shown in Table 2. The
relaxation time θ is estimated on the basis of a viscous number
deﬁned as (Jop et al., 2006; Boyer et al., 2011)
IM ¼ θ

vin
;
R

ð29Þ

which represents the ratio between the time scale of the ﬁber
rearrangement and the time scale of the ﬂow. In this work, we set
the maximum viscous number IM ¼3, which is the maximum value for
which we found stability of the numerical methods (see Section 3).
The dimensionless shear rate at the ﬁber scale (i.e. in the porous
region), is then deﬁned in scalar form as
I m ¼ θIIγ_ ;

ð30Þ

IIγ_ being the second invariant of the rate of strain. The dimensionless
shear rate Im can be seen as a microscopic viscous number (whose
typical value is I M =εm ).
The proposed model does not explicitly account for the contact
among the ﬁbers, therefore the maximum extensibility is
restricted to ξmax r ξc þ r (Fig. 1(b)). This physically means that
when the contact is approached, the ﬁber cannot extend any
further. The condition in dimensionless form reads (from Eq. (25))
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1

1
π r2
^ξ
@
:
ð31Þ
 r A 2θ D
max r
1  εm
Considering that the porosity εm is bounded between the percolation threshold εcm ¼ 1  π =4 (for a square arrangement) and 1,
and assuming for the diffusion coefﬁcient D values in the range
Table 1
Geometrical parameters and physical properties of the glass ﬁbers considered. The
symbol C indicates the range of values explored.
Parameter / Property
Geometry
Yarn radius
Fiber radius
Fiber length
Material
Density
Young modulus

The clustering criterion is deﬁned on the basis of topological
arguments, that is on the basis of the conﬁguration of the ﬁbers
obtained from Eq. (26) through the probability of their displacement from the initial position. The distribution functions are
associated with the section of the ﬁbers in Fig. 1(b) and (c), thus
a contact zone is deﬁned by the overlap of the probability of one
ﬁber with its neighboring ones. The probability that a ﬁber be in
contact range with the neighbors is given by


1  m nf
∑ ψ ðξ^ Þnψ ðξ^ þ ξ^ c ni Þ;
Ω ¼ 1
ð32Þ
nf
i¼1
where nf is the number of neighboring ﬁbers, m is the reciprocal of
the maximum number of ﬁbers in a cluster, ni is the unit vector to
the i-th neighboring ﬁber and n is the convolution operator. In this
work we assume a square (undeformed) conﬁguration, and thus
each ﬁber has 8 neighbors (nf ¼ 8) on a square reference topological unit (Fig. 1(c) left). Notice that the topological unit is
representative of the conﬁguration of a number of ﬁbers N,
through the probability density, and thus the parameter m varies
between 1/2 (for a cluster of 2 ﬁbers) and 0 (for inﬁnitely large
cluster). In this work we analyze the worst condition for permeability, that is m¼ 0. When Ω ¼ 1 no clustering occurs (rigid ﬁbers)
while when Ω ¼ 0 the ﬁbers form a single cluster (impermeable
structure).
According to the chosen
deﬁnition for overlap, Ω represents

the quantity 1  χ o =N in Eq. (3), with N in this case being the
number of ﬁbers represented by the topological unit. Therefore,
considering that in our case the limiting hydrodynamic length lc in
Eq. (3) is the contact distance ξc in Eq. (25), the permeability can
be rewritten as
2sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
32
2
π
r
β
K m ¼ c4
ð33Þ
 2r 5 Ω ;
1  εm
where for the local pore geometry constant we adopt the same
value (c¼ 1/12) as for Eq. (3) (Scholz et al., 2012), which corresponds to a conﬁnement between parallel plates (Bruus, 2007).
Finally, Eq. (33) yields the permeability as a function of the
porosity εm and of the cluster density Ω, which is used for the
closure of the hydrodynamic system (Eq. (15)).

Symbol

Units

Value

R
r
Lz

μm
μm
μm

100C500
10
800

3. Numerical methods

ρo
E

g/cm3
MPa

2.4
85

The numerical approach for solving the theoretical model
consists in a coupled ﬁnite-volume/lattice-Boltzmann solution:
ﬁnite volume method for the ﬂuid ﬂow equations and lattice

Table 2
Summary table of the model parameters. The symbol C indicates the range of values explored.
Parameter

Dimensional

Dimensionless

Symbol

Eq.

Units

Value

Symbol

Scaling

Macro, micro porosities
Maximum extensibility

–
ξmax

–
(23)

–
μm

–
0C36

εM ; εm
ξ^ max

Contact distance

ξc

(25)

μm

0C157

Macro viscous number
Fiber relaxation time
Micro viscous number
Diffusion coefﬁcient

–
θ
–
D

(29)
–
(30)
–

–
s
–
m2/s

–
0.01 C 15
–

ξ^ c
IM
–
Im
D^

–
ξ^ max ¼ ξ2max =2θD
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ξ^ c ¼ ξc = 2θD
–
–
–
D^ ¼ D=2D

10  12 C10  9

Value
1 – π=4C0:99
0C6:5  104
0C1:1  103
0C3
–
0C14
1/2
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Boltzmann method for the Fokker–Planck equation. This hybrid
methodology has already been applied and validated for the
numerical simulation of viscoelastic suspensions (Bergamasco
et al., 2013); therefore here we brieﬂy recall the approach and
refer the reader to the prior article for further details.

passage and retrieval of the required variables between the two
compiled codes through a stream process. The details of the
coupled algorithm are given in Appendix C.

4. Results and discussion

3.1. Fluid ﬂow equations
The volume-averaged transport equations (14) and (15) are
solved by the ﬁnite volume method (FVM) using the commercial
s
solver ANSYS Fluent . In this paper we adopt a third order
quadratic upwind scheme for momentum and a second order
scheme for pressure interpolation. The semi-implicit method for
pressure linked equations is used for the pressure–velocity
coupling.
3.2. Fiber dynamics model
The Fokker–Planck equation in the conﬁguration space (Eq. (26))
is solved by a lattice Boltzmann method (LBM) using a lattice-BGK
equation. In this work we adopt a 16,384 DoF lattice (D2Q5) and a
relaxation time τ ¼ 0:55 (Bergamasco et al., 2013). For computational efﬁciency, the lattice Boltzmann solution is accelerated on
a Graphic Processing Unit (GPU) by a Compute Uniﬁed Device
Architecture (CUDA) implementation (Nvidia Developer Zone,
2012). The salient details of the implementation are given in
Appendix B.
3.3. Multi-scale system
The multi-scale hydrodynamic system resulting from Eqs. (14),
(15) and (26) is solved by coupling the two previous methods. The
compiled CUDA code of the lattice Boltzmann solution is dynamically called at cell centers from the FVM solver through a compiled
User Deﬁned Function (UDF). The sub-grid simulation is driven by

4.1. Micro-scale model
Let us ﬁrst focus on the analysis of the proposed model for the
ﬁber dynamics (Eq. (26)) and clustering (Eq. (32)). A parametric
study has been carried out using a set of 2000 random realizations
of the velocity gradient tensor ∇v, which accounts for local
inhomogeneity of the ﬂow ﬁeld inside the porous medium. For
each realization within the selected range of IIγ_ three independent
components of the velocity gradient tensor (11, 12, 21) are
generated and component 22 is set to ensure incompressibility.
The study has been performed by varying the parameters θ (ﬁber
relaxation time), ξ^ max (maximum bending) and the ratio ξ^ c =ξ^ max
(contact/bending ratio). The cluster density Ω in Eq. (32) is
computed for each realization, which allows the analysis of its
dependence on each parameter.
The data obtained for varying θ as a function of the invariant of
∇v is shown in the inset of Fig. 2(a): the data collapse into a single
curve for θIIγ_ , which is the dimensionless rate of strain or
microscopic viscous number Im. The spread of the data is due to
the deﬁnition of Im based on the invariant, for which, the same
value can be yield by different ∇v.
The effect on Ω of varying ξ^ c =ξ^ max and ξ^ max is shown in
Fig. 2(b) and relative inset, while Fig. 2(c)–(e) shows an example
conﬁguration of the probability densities at the corresponding
points in the ﬁgure.
In order to interpret physically the results, let us ﬁrstly recall
that Ω is bounded between 0 and 1, which respectively corresponds to the maximum and minimum ﬁber clustering, that is, to
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Fig. 2. (a) Numerical data obtained for Ω as a function of the viscous number Im. The main ﬁgure shows the collapse of the data in the inset with the relaxation time θ
(ξ^ max ¼ 10, ξ^ c =ξ^ max ¼ 0:5). (b) Cluster density Ω as a function of the contact/bending ratio ξ^ c =ξ^ max for ξ^ max ¼ 10 and of the maximum extensibility ξ^ max for ξ^ c =ξ^ max ¼ 0:3
(inset). Figures (c)–(e) show an example conﬁguration of the probability densities at the corresponding points in (b). (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)
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the impermeable and rigid conditions of the ﬁbrous medium. If
I m -0, the strain rate (or the relaxation time) tends to zero,
therefore Ω is given by the overlap of the initial probability
densities of Eq. (28) (see Fig. 2(c)). For increasing Im, the probability densities present more localized features, thus the overlap
reduces and Ω increases (see Fig. 2(d) and (e)). This physically
recovers the increasing anisotropy and stiffness of the ﬁbers due to
the higher strain rate, which leads the ﬁbers towards the rigid
condition (Ω ¼1).
With regards to the dependence of Ω on the maximum
bending ξ^ max and contact/bending ratio ξ^ c =ξ^ max , Fig. 2(b) shows
that for constant ξ^ max and increasing ξ^ c , the contact probability is
reduced and Ω increases. This is justiﬁed by the fact that, for
increasing ξ^ c , the porosity increases (see Eq. (31)), lowering the
contact probability. Similarly, the inset in the ﬁgure shows the
effect of varying ξ^ max with constant ξ^ c =ξ^ max .
In order to present the results in a compact manner, a
microscopic phase diagram is built (Fig. 3(a)). The numerical data
is best ﬁtted and a reduced number of points is plotted for each
dimension to allow a proper visualization. The diagram shows
the contours of the cluster density Ω for D ¼ 10  12 m2 =s as a
function of the microscopic viscous number Im, the maximum
extensibility parameter ξ^ max and a normalized microscopic porosity ε~ m deﬁned as

εm  εcm
ε~ m ¼ max
;
εm  εcm

4.2. Model assessment
We will now focus on the assessment of the behavior of the
proposed model. We should ﬁrst indicate that a framework for the
validation is not available, neither experimentally nor analytically.
Therefore we compare the results of our model with the rheology
of wet granular media in terms of an equivalent reduced viscosity.
Boyer et al. (2011) have recently proposed a phenomenological law
for the rheology of dense suspensions of spherical particles in
terms of volume fraction ϕm and a dimensionless viscous number
Iv (which is formally equivalent to our deﬁnition for Im). The
authors deduced the dimensionless shear viscosity in the following form:
!1
!2
5
ϕm
ϕ
^η ¼ 1 þ ϕm 1  max
þ νðϕm Þ
;
ð35Þ
2
ϕmax
ϕm
m  ϕm
where ϕm ¼0.585 is the maximum volume fraction at the
max
jamming point and ϕm ¼ ϕm =ð1 þ I v1=2 Þ. The ﬁrst two terms on
the right-hand side of Eq. (35) represent the hydrodynamic
h
contribution η^ to the rheology and they tend to the Einstein
E
viscosity η^ ¼ 1 þ 5ϕm =2 at Oðϕm Þ. The third term represents solid
c
contact contributions η^ , where
max

νðϕm Þ ¼ c1 þ

ð34Þ

0.2

0.4

0.6

0.8

c2 c1
1 þ I 0 ϕm ðϕm  ϕm Þ  2
2

max

;

ð36Þ

with c1 ¼ 0:32, c2 ¼ 0:7 and I 0 ¼ 0:005 ﬁtting rheological parameters (Boyer et al., 2011). The expression for the contact
contribution has been chosen to be similar to an analogous one
for dry granular media (Jop et al., 2006).
In order to assess the behavior of our model, we compare the
numerical results obtained with the above mentioned contribuE
h
hþc
tions, namely η^ , η^ and η^
, according to the following rheological description:

where the porosity εm as a function of the model parameters is
given by Eq. (31), and ξ^ c =ξ^ max ranges between 0 and 1. The
maximum porosity εmax
is given by ξ^ c ¼ ξ^ max .
m
The plane corresponding to ξ^ max ¼ 10 in the phase diagram is
shown in Fig. 3(b). The contours show the iso-Ω values as a
function of the viscous number Im and normalized porosity ε~ m .
For Ω o 0:1 the ﬁbrous medium tends to the impermeable state
and for Ω 4 0:9 to the rigid one. In the intermediate range, the
cluster density Ω for a constant porosity increases with the
viscous number, and decreases with the maximum extensibility
(Fig. 3(a)). The ﬁrst effect is related to the increasing stiffness
of the ﬁbers and thus to the lower contact probability, while
the second one is due to the increasing maximum bending of
the ﬁbers. Finally, the increase in Ω observed for very high Im can
be associated with the jamming of the ﬁbers for very low
porosities.

0
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η^ ¼

μeff
 1 þ εm A K rig
m
μ

1

 K def
m

1

ð37Þ

obtained by comparison of Brinkman's closure (Eq. (12)) and ours
(Eq. (13)). The comparison is based on a simpliﬁed 1D approximation of the two closures for unidirectional ﬂow within the porous
medium, which yields A ¼ 1:47r 2 (see Appendix D for the full
derivation of this value).
The comparison is shown in Figs. 4 and 5, where the permeabilities in the deformable and rigid case are given by Eq. (33).
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Fig. 3. Micro-scale phase diagram for deformable ﬁbrous media (a). The diagram shows the iso-colors of the cluster density Ω as a function of the microscopic viscous
number Im, the normalized microscopic porosity ε~ m and the maximum extensibility ξ^ max (ξ^ c =ξ^ max ¼ 0C1 and D ¼ 10  12 m2 =s). The numerical data are best ﬁtted and a
reduced number of points per dimension are shown to allow a proper visualization. Figure (b) shows the iso-Ω contours on the plane ξ^ max ¼ 10 in (a). (For interpretation of
the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)
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Fig. 4. Comparison of the reduced viscosity given by the proposed model for deformable ﬁbrous media (Eq. (37)) with that of wet granular media (Eq. (35)). (a) Viscosity as a
function of the volume fraction ϕ~ m for constant Ω in Eq. (37) (analytical). (b) Viscosity as a function of the volume fraction ϕ~ m given by the numerical model for different
viscous numbers Im. The numerical data lie within the analytical bounds for Ω ¼0.01 and Ω ¼1 (compare Fig. 4(a)). The maximum extensibility is ξ^ max ¼ 10, the diffusion
coefﬁcient is D ¼ 10  10 m2 =s and A ¼  1:47r 2 in Eq. (37)) (see Appendix D for the derivation of this value). (For interpretation of the references to color in this ﬁgure caption,
the reader is referred to the web version of this paper.)
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Fig. 5. Comparison of the reduced viscosity given by the proposed model for deformable ﬁbrous media (Eq. (37)) with that of wet granular media (Eq. (35)). (a) Viscosity as a
function of the volume fraction ϕ~ m given by the numerical model for Im ¼ 0 and different values of the diffusion coefﬁcient. (b) Viscosity as a function of the viscous number
Im given by the numerical model for different values of volume fraction. The maximum extensibility is ξ^ max ¼ 10, A ¼  1:47r 2 in Eq. (37)) (see Appendix D for the derivation
of this value) and in (b) the diffusion coefﬁcient is D ¼ 10  9 m2 =s. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version
of this paper.)

In the rigid case Ω ¼ 1 (constant). The volume fraction has been
normalized as it is done for the porosity in Eq. (34). The normalization allows a better comparison of the results, as long as the
maximum volume fraction at jamming for wet granular media is
ϕmax
m ¼ 0:585, while in our case it can be assumed to be
c
ϕmax
m ¼ 1  εm (due to the ordered packing).
Let us ﬁrst focus on the assessment of Eq. (37) for varying Ω in
K def
m , shown in Fig. 4(a). For Ω ¼1, no increase in viscosity is
observed (rigid case). For Ω ¼0.99, the increase in viscosity shown
by the deformable ﬁbrous medium lies within that of granular
suspensions. For Ω ¼0.9, the deformable ﬁbrous medium presents
a rheological behavior which is qualitatively comparable with
that of wet granular suspensions. For Ω 40:9, the out-of-plane
forces dominate the behavior yielding higher reduced viscosities
that of wet granular suspensions. The results are shown up to
Ω ¼0.01.
The numerical data is shown in Fig. 4(b), where the analytical
bounding values Ω ¼1 and Ω ¼0.01 are reported. In order to plot

these data, the Ω values are extracted from the micro-scale phase
diagram in Fig. 3(b), for constant viscous number Im or constant
porosity ε~ m . The extracted Ω values are then used for K def
in
m
Eq. (37). This procedure allows us to get the equivalent rheological
behavior and to relate Eq. (37) to Im. The data show qualitative
agreement with the rheology of wet granular suspensions; the
increase in viscosity is larger than that of granular media, with a
behavior which lies within the bounding values. For a constant
viscous number Im and increasing volume fractions, the reduced
viscosity increases, due to the increasing clustering of the ﬁbers
(i.e. reduced mobility).
The effect of considering different values of the diffusion
coefﬁcient D for Im ¼0 is shown in Fig. 5(a). The results are
reported for the range explored in this paper (see Table 2). The
larger the diffusion, the larger the increase in viscosity for a given
volume fraction. In the range explored, the increase in viscosity
lies between the analytical bounds (exception made only for the
case D ¼1e  12 m2/s and ϕ~m ¼ 1, which presents a higher value).
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K eff ¼ 

μ
v ;
Δp in

ð38Þ

where Δp is the stream-wise pressure drop per unit length. The
numerical results (Fig. 6) show very good agreement with the
correlation for multi-scale ﬁbrous media of Eq. (2). As expected,
the effect of the microscopic porosity εm on the effective permeability is important for low macroscopic porosities, in this case for
εM o 0:6. In this range, the effective permeability can vary up to
two orders of magnitude, depending on the microscopic porosity
εm .
At the microscopic scale, the permeability can vary with respect
to the rigid case according to the topology of the ﬁbers induced by
the ﬂuid ﬂow. The entity of this variability is shown in the inset of
Fig. 6, which shows that the permeability of the rigid case given by
Eq. (33) for Ω ¼ 1 slightly underestimates that given by Eq. (1). The
permeability decreases with the clustering of the ﬁbers, that is,
with decreasing Ω. If Ω tends to zero, the permeability also tends
to zero, which means that the yarn is impermeable (we show only
Ω ¼ 0:1 for illustration). Therefore, better conditions for inﬁltration are achieved for high Ω, that is, high (dimensionless) strain
rates (compare Fig. 3(b)).
In order to analyze this effect on the effective permeability, a
multi-scale phase diagram (Fig. 7) is built with the effective
volume fraction ϕeff , which is a commonly used quantity for
textiles since it is experimentally measurable through the weight
and volume of the textile. For a given ϕeff , the relationship
between micro and macroscopic porosities cannot be easily
computed; however, the effective volume fraction can be written
in terms of the porosities in the following form:

ϕeff ¼ ð1  εm Þð1  εM Þ;

ð39Þ

which describes all the possible conﬁgurations of the textile. The
diagram in Fig. 7 shows the whole range of micro- and macroscopic porosities, down to the percolation thresholds (εcm and εcM ).
The blue area corresponds to εM 4 0:6, where the microscopic
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In order to assess the accuracy of the FVM numerical solution,
we ﬁrstly analyze the permeability of a dual-scale rigid porous
medium (Fig. 1(a)). The domain is periodic, and the macroscopic
Reynolds number ReM ¼ ρvin R=μ is kept constant at 10  3 (creeping
ﬂow). The microscopic permeability is computed according to
Eq. (1) considering a square ﬁber arrangement. The effective
permeability is then recovered by Darcy's law as

2

10

rig

4.3. Multi-scale model

porosity has a negligible effect on permeability (Fig. 6). The green
area identiﬁes the range of microscopic porosity from the percolation threshold to 0.5, where the effects of ﬁber deformations are
negligible due to the high packing of ﬁbers and thus to their
reduced mobility. The red area represents the range of micro- and
macroscopic porosities where the effect of ﬁber deformation
and thus of the clustering signiﬁcantly modiﬁes the effective
permeability.
The inset shows the pathlines of the ﬂow ﬁeld on top of the Ω
contours obtained with the multi-scale model in the deformable
case at the corresponding point (p) in the diagram. The model
parameters are: ξ^ max ¼ 10, εM ¼ 0:36, εm ¼ 0:8, IM ¼0.6 and
ξ^ c =ξ^ max ¼ 0:36 with D ¼ 10  11 m2 =s. For this case, the effective
permeability is 10% lower than in the rigid case due to the
clustering of ﬁbers in the yarn.

Keff / R2

Finally, and to conclude the discussion, we show the behavior of
the proposed model for constant values of the volume fraction and
varying viscous number (Fig. 5(b)). We show the results for three
~ ¼ 0:130),
representative values of volume fractions: low range (ϕ
m
~ ¼ 0:525) and upper-intermediate range
intermediate range (ϕ
m
~ ¼ 0:635). The numerical data is always extracted from the phase
(ϕ
m
diagram, Fig. 3, and used for K def
m in Eq. (37), as previously explained.
For constant volume fraction and increasing viscous number, shearthinning is always observed. This physically recovers the increasing
stiffness of the ﬁbers and thus the lower clustering probability.
~ ¼ 0:130), a
Fig. 5(b) shows that, for very low volume fractions (ϕ
m
near Newtonian-like behavior is obtained. For an intermediate
~ ¼ 0:525), the non-Newtonian reduced viscosity
volume fraction (ϕ
m
obtained exhibits shear-thinning behavior with low- and high-shear
plateaux. The reduced viscosity is of the order of that of the rheology
~ ¼ 0:635) and
of wet granular media. For high volume fractions (ϕ
m
high shear rates, the behavior changes abruptly from shear thinning
to shear thickening (compare Fig. 3(b)). This phenomenon is related
to the restriction caused by the out-of-plane forces, which leads the
ﬁbers close to jamming.
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Fig. 6. Comparison of the numerically predicted effective permeability on the
representative elementary volume REVM in Fig. 1(a) with the analytical solution of
Eq. (2) for rigid porous media. In the inset, comparison of the microscopic
permeability given by Eqs. (1) and (33) is shown. The permeability range varies
with Ω (red zone) according to Eq. (33). Higher permeabilities correspond to Ω-1;
lower permeabilities for Ω-0. (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 7. Multi-scale phase diagram for ﬁbrous media. In the blue area, the microscopic porosity has a negligible effect on permeability; in the green area, the effects
of ﬁber deformations are negligible; in the red area, the effect of ﬁber deformation
signiﬁcantly modiﬁes the effective permeability. In the inset, ﬂow ﬁeld conﬁguration at point (p) is shown. The model parameters for the simulation are: ξ^ max ¼ 10,
εM ¼ 0:36, εm ¼ 0:8, IM ¼ 0.6, ξ^ c =ξ^ max ¼ 0:36, D ¼ 10  11 m2 =s and z¼ Lz =2. The colorbar shows the Ω scale for the contours and the velocity magnitude (within
parentheses) for the pathlines. (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)
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In order to present the results in a compact manner, we show the
effect of the clustering of ﬁbers in the yarn on the effective permeability using the phase diagrams in Fig. 8(b) and (a). The effective
permeability is given by Eq. (2), where the macro-permeability KM is
given by Eq. (1) and the microscopic Km by Eq. (33). The qualitative
limiting values shown in Fig. 4a are well recovered, that is, ﬁber
deformation is important in the red region. Fig. 8(a) shows that for
typical textile parameters, namely intermediate cluster density
(Ω ¼ 0:5), low to intermediate effective volume fractions (ϕeff o 0:4)
and intermediate to high micro-to-macro porosities (εm =εM ¼
1:5C2:5), the effective permeability of the deformable case can be
up to 60% lower than that of the rigid case.

5. Conclusions
A two-dimensional mesoscopic model for ﬁber deformation and
clustering formation in hierarchical ﬁbrous media has been presented,
which allows us to compute the micro-scale steady permeability as a
function of the topology of the porous media. The model has been
derived for creeping ﬂow conditions by analogy with non-Brownian
suspensions of particles with conﬁning potentials. The resulting multiscale hydrodynamic system is numerically solved by a coupled ﬁnitevolume/lattice-Boltzmann method. The behavior of the proposed
model has been compared with the rheology of wet granular suspensions through a non-Newtonian reduced viscosity and qualitative
agreement has been found.
The microscopic permeability of the ﬁbrous medium has been
characterized in terms of porosity, dimensionless shear rate and
dimensionless out-of-plane forces. The best conditions for inﬁltration have been found for high shear rates and high out-of-plane
forces, that is for rigid ﬁbers and thus reduced clustering.
The effective permeability has been shown to be sensitively
affected by clustering over the whole range of volume fractions; in
particular for typical values for textiles, the effective permeability
of the deformable case can be up to 60% lower than that in the
rigid case. The results obtained suggest that a better insight on the
physics of the ﬁbers can be helpful in identifying best operating
conditions for inﬁltration in hierarchical ﬁbrous media.
The present work could be improved in several ways. A nonexhaustive list of issues that deserve further research are: (i) the
drag coefﬁcient in Eq. (23) is a non-conﬁned one, and correction
factors (typically in a range between 1 and 2) to take into account
conﬁnement should be included (Clift et al., 2005); (ii) further

physical or chemical potentials within the ﬁbers could be considered, including the effect of capillary forces appearing in unsaturated conditions; and (iii) in order to reduce the computational
cost, model order reduction techniques could be applied when
using the mesoscale model in the macroscale framework.

Appendix A. Derivation of the Fokker–Planck equation (Eq. (21))
Let us consider an Ito stochastic differential equation (SDE) in
the form:
dy ¼ A dt þ B dW;

ðA:1Þ

where A and B represent respectively the drift and diffusion
coefﬁcients. Applying Ito's formula and integrating by parts, the
Fokker–Planck (FP) equation for the probability density ψ satisﬁes
the form Öttinger (1996)
∂ψ
∂   1 ∂2
Aψ þ
¼
B2 ψ :
∂y
2 ∂y2
∂t

ðA:2Þ

Let us now consider our Ito SDE (Eq. (20)):
pﬃﬃﬃﬃﬃﬃﬃdW
dr
H
ðtÞ ¼ vðrðtÞ; tÞ þ
ðtÞ
ðr  rðtÞÞ þ 2D
dt
dt
ζ Lz c

ðA:3Þ

according to the general form of Eq. (A.2), the FP equation in our
case (in r-coordinates) reads


∂ψ
H
þ ∇r 
vðrðtÞ; tÞ þ
ðrc  rðtÞÞ ψ ¼ D∇2r ψ :
ðA:4Þ
∂t
ζ Lz
For simplicity, let us consider only the r1 coordinate:


∂ψ
∂
Hðr c1  r 1 Þ
∂2
þ
vðr 1 ; tÞ þ
ψ ¼ D 2ψ ;
∂t ∂r 1
ζ Lz
∂r 1

ðA:5Þ

and let us call x1 ¼ xc1 and ξ1 ¼ r 1  r c1 . We now apply the chain
rule on derivatives:
∂v
∂v ∂x1 ∂v ∂ξ1
∂v
¼
þ
¼
;
∂r 1 ∂x1 ∂r 1 ∂ξ1 ∂r 1 ∂ξ1
and obtain


∂ψ
∂
Hð  ξ1 Þ
∂2
þ
vðx1 þ ξ1 ; tÞ þ
ψ ¼ D 2ψ :
∂t ∂ξ1
ζ Lz
∂r 1

ðA:6Þ

ðA:7Þ

We now adopt the local homogeneity assumption, that is, the
velocity is linear in space. This is a plausible assumption, since the
length scale of the dumbbell (ﬁber bending) is typically orders of
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magnitude smaller than the macroscopic scale. Let us then linearly
expand the velocity in space:
vðx1 þ ξ1 ; tÞ  vðx1 Þ

x1 ¼ xc1

þ ξ1

∂v
ðx1 Þ
∂x1

x1 ¼ xc1

;

ðA:8Þ

where vðx1 Þjx1 ¼ xc ¼ 0. Passing to tensor notation ðv  ∇x v  ξÞ and
1
substituting we obtain Eq. (21)


∂ψ
Hξ
þ ∇ξ 
∇x v  ξ 
ψ ¼ D∇2ξ ψ :
ðA:9Þ
∂t
ζ Lz

Appendix B. CUDA shared memory implementation of the
lattice Boltzmann method for the GPU server
Our implementation of the lattice Boltzmann method for the
micro-scale equation uses shared memory (CUDA, 2012a), an
extremely fast on-chip memory. The main issue to take into
account for the implementation of the lattice Boltzmann method
is that it is of limited size and that data is shared only between
threads belonging to the same block. For our card (NVIDIA
&
Quadro 600) the shared memory is 48 kB. The code relies on a
single kernel for collision and propagation (Kuznik et al., 2010) and
the mesh is processed by rows; therefore each block corresponds
to a mesh row and the number of threads to the mesh width. In
this way the size of the data loaded on shared memory per block is
limited to that required to process one row. Collision and propagation are then performed on shared memory, where the horizontal
propagation of the distributions is straightforward within the
block, while the vertical one is achieved with a correct alignment
between global and shared memory. The coalescence of global
memory accesses and the lack of bank conﬂicts on shared memory
is checked using the CUDA (2012b) visual proﬁler (we do not go
into the details of these issues; the interested reader can refer to
the CUDA, 2012a Programming Guide). With this implementation
the speed-up reaches nearly 60x with respect to the CPU
(Bergamasco et al., 2013). We remark that this implementation is
tailored for small meshes and may not be applicable in other cases.
Furthermore, ﬁxing the block size equal to the mesh width sets a
constraint on the choice of the number of threads (which plays a
key role in performance).

Appendix C. Coupled ﬁnite-volume/lattice-Boltzmann method
The numerical approach for solving the theoretical model
consists in a coupled ﬁnite-volume/lattice-Boltzmann solution.
The algorithm has already been applied and validated for nonhomogeneous Fokker–Planck equations in dilute viscoelastic suspensions (Bergamasco et al., 2013). In this work we deal with a
homogeneous Fokker–Planck equation, therefore the algorithm
reduces to the following:
1. solution of Eqs. (14) and (15) using the ﬁnite volume method
(on the CPU);
2. solution of Eq. (26) using the lattice Boltzmann method (on
the GPU);
3. solution of Eq. (32) for the clustering model (on the GPU);
4. correction of Eq. (33) for the local permeability (on the CPU).
The initial guess for the loop is given by the corresponding case
of a rigid porous medium (i.e. without the sub-grid model). The
numerical algorithm is repeated until global convergence of Eqs.
(14) and (15), which in this case requires 4–6 complete loops. Each
loop requires around 2 h of GPU time for a 20–25,000 cell
FVM mesh.
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Appendix D. 1D model derivation of Eq. (37)
Let us consider a unidirectional ﬂow in the ﬁbrous medium. Let
us consider the limit of a single ﬁber and adopt the representative
volume in Fig. D1 (on the left). We write the equations for the
corresponding volume-averaged description on the right. To this
end, we consider the 1D approximation of the two closures:
Brinkman's closure of Eq. (12) and the proposed closure of
Eq. (13). We proceed by solving analytically the ordinary differential equations, with the boundary conditions in Fig. D1. Let us
then ﬁrst integrate twice the ordinary differential equation with
our closure (from Eq. (15)):
dp μ d u
1
þ
 μK Ω
u;
dx εm dy2
2

0¼ 

Z
0¼ 

0¼ 

Z



0¼ 

Z

μ d2 u
dy 
εm dy2

Z

μK Ω 1 u dy;

dp
μ du
1
yþ
 μK Ω
uy þ C 1 ;
dx
εm dy
Z

0¼ 

dp
dy þ
dx

ðD:1Þ

dp
y dy þ
dx

Z

ðD:2Þ

ðD:3Þ

μ du
dy
εmZdy

μK Ω 1 uy dy þ

C 1 dy;

2
dp y2 μ
1 y
þ u  μK Ω
u þ C 1 y þC 2 :
dx 2 εm
2

ðD:4Þ

ðD:5Þ

Let us now apply the boundary conditions to get an explicit form
for the integration constants:
ujy ¼ 0 ¼ 0-C 2 ¼ 0;

ðD:6Þ

du
dy

ðD:7Þ

y¼H

¼ 0-C 1 ¼

dp
1
H þ μK Ω
uH:
dx

Substituting the integration constants, we obtain
2
dp y2 μ
1 y
þ u  μK Ω
u
dx 2 εm
2
dp
1
þ Hy þ μK Ω uHy;
dx

0¼ 

0¼ 



 2

dp y2
μ
y
1
 Hy þ u  μK Ω
 Hy :
u
dx 2
2
εm

Let us now consider Brinkman's closure:


2
μeff  μ d2 u
dp μ d u
1
0¼  þ
 μK D u þ
;
dx εm dy2
εm dy2

ðD:8Þ
ðD:9Þ

ðD:10Þ

and proceed again by integrating twice and applying boundary
conditions as above:
Z
Z
dp
μ d2 u
dy þ
0¼ 
dy
dx
εm dy2


Z
Z
μeff  μ d2 u
μK D 1 u dy þ
dy;
ðD:11Þ

εm dy2

Fig. D.9. Scheme for the 1D analytical solution. X-axis is in the ﬂow direction and
y-axis is perpendicular to x-axis.
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dp
μ du
yþ
 μK D 1 uy
dx
ε
m dy


μ  μ du
þC ;
þ eff
εm dy 1

References

0¼ 

ðD:12Þ

Z
Z
dp
μ du
y dy þ
dy 
μK D 1 uy dy
dx
εm dy


Z
Z
μeff  μ du
dy þ
C 1 dy;
þ
εm dy
Z

0¼ 

dp y2 μ
y2
þ u  μK D 1 u
0¼ 
2
 dx 2 εm
μeff  μ
u þC 1 y þ C 2 :
þ

ðD:13Þ

ðD:14Þ

εm

Applying boundary conditions:
ujy ¼ 0 ¼ 0-C 2 ¼ 0;

ðD:15Þ

du
dy

ðD:16Þ

y¼H

¼ 0-C 1 ¼

dp
H þ μK D 1 uH;
dx

substituting the integration constants, we obtain
dp y2 μ
y2 dp
þ u  μK D 1 u þ Hy
dx 2 εm 
2 dx
μeff  μ
1
þ μK D uHy þ
u;
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ðD:17Þ

εm



dp y2
μ
 Hy þ u
dx 2
εm

 2
 
μ μ
y
 Hy þ eff
 μK D 1 u
u:
2
εm

0¼ 

ðD:18Þ

Comparing now the two closures (Eqs. (D.9) and (D.18)), we obtain
 2

 2

y
y
1
 Hy  μK D 1 u
 Hy
u
0 ¼ þ μK Ω
2
2


μeff  μ
þ
u;
ðD:19Þ

εm

 2

 2

y
1 y
 Hy  K D 1
Hy
0 ¼ þ KΩ
2
2


1 μeff
þ
1 ;

εm

ðD:20Þ

μ





μeff
y2
 Hy
¼ 1 þ εm
μ
2

1
;
K D 1  K Ω

ðD:21Þ

def
where KD ¼ K rig
m and K Ω ¼K m . Let us evaluate the ﬁrst term in
round brackets on the right-hand side as the weighted-mean:

Z 
1 H y2
H2
 Hy dy ¼  :
ðD:22Þ
H 0
2
3

Using the deﬁnition of porosity on the representative volume, for
square ﬁber arrangement H2 can be written as
H2 ¼

π r2
:
4ð1  εm Þ

ðD:23Þ

Finally, considering a weighted-mean over the porosity:
Z εmax
m
1
1 π r2
dεm ﬃ  1:47r 2 ;

A ¼ max
3 4ð1  εm Þ
εm  εcm εcm

ðD:24Þ

and the reduced-viscosity assumes the following form (Eq. 37):

η^ ¼

μeff
 1 þ εm A K rig
m
μ

1

 K def
m

1

:

ðD:25Þ
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